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"Txy = y - d i r e c t i o n component of f o r c e p e r x - d i r e c t i o n b a r 
T ~ x - d i r e c t i o n component of force per y - d i r e c t i o n b a r 
T = y - d i r e c t i o n component of f o r c e p e r y - d i r e c t i o n b a r 
[t] = t h e m a t r i x of e q u a t i o n s (33) and (36) 
w ~ d e f l e c t i o n of t h e s l a b i n t h e z - d i r e c t i o n 
W = s l a b wid th ( i n t h e t - d i r e c t i o n ) 
x , y , z = c o o r d i n a t e s ( d e s i g n a t i n g p o s i t i o n ) of an o r t h o g o n a l 
c o o r d i n a t e sys tem i n which t h e d i r e c t i o n s of t h e 
x and y - a x e s c o i n c i d e w i t h t h e symmetry a x e s f o r an 
o r t h o t r o p i c m a t e r i a l and w i t h t h e d i r e c t i o n of t h e 
r e i n f o r c i n g b a r s fo r r e i n f o r c e d c o n c r e t e 
Y = l e n g t h of ba r i n a t y p i c a l segment 
z - d i s t a n c e from n e u t r a l a x i s t o t h e p o i n t of compressive 
y i e l d s t r a i n t o t h e e l a s t i c - p l a s t i c model 
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SUMMARY 
The y i e l d c r i t e r i o n i s a n e c e s s a r y e l e m e n t i n t h e a p p l i c a t i o n 
of l i m i t a n a l y s i s t o r e i n f o r c e d c o n c r e t e s l a b s . S e v e r a l y i e l d c r i t e r i a 
a r e a v a i l a b l e , b u t none of t h e c r i t e r i a i s a b l e t o p r e d i c t a l l of t h e 
r e p o r t e d r e s u l t s o b t a i n e d i n e x p e r i m e n t a l e f f o r t s t o e s t a b l i s h a y i e l d 
c r i t e r i o n . The c r i t e r i o n of K. W. Johansen c u r r e n t l y r e c e i v e s t h e 
w i d e s t p r a c t i c a l u s e . 
Among t h e e x p e r i m e n t a l e f f o r t s a r e two d i f f e r e n t s e r i e s of t e s t s 
on r e i n f o r c e d c o n c r e t e s l a b s s u b j e c t e d t o u n i a x i a l b e n d i n g ; each s e r i e s 
c o n t a i n s s l a b s hav ing o r t h o t r o p i c r e i n f o r c i n g . When J o h a n s e n ' s c r i t e r ­
ion i s a p p l i e d t o t h e y i e l d zone ( y i e l d - l i n e ) of t h e o r t h o t r o p i c a l l y 
r e i n f o r c e d s l a b s i n each s e r i e s and t h e computed bend ing moment i s 
compared t o t h e measured bend ing moment, t h e r e s u l t s of one s e r i e s show 
good ag reemen t be tween t h e computed and measured moments w h i l e t h e 
r e s u l t s of t h e o t h e r s e r i e s show many measured moments w i t h v a l u e s 
s i g n i f i c a n t l y l e s s t h a n t h e computed v a l u e s . The o b j e c t i v e of t h i s work 
i s a r a t i o n a l e x p l a n a t i o n fo r t h e d i f f e r e n c e i n b e h a v i o r be tween t h e s e 
two g r o u p s of t e s t s . S i n c e t h e o n l y e s s e n t i a l d i f f e r e n c e i n t h e two 
t e s t s e t - u p s i s i n t h e boundary c o n d i t i o n s ( i n one s e t - u p t w i s t i n g i s 
p r e v e n t e d ) , an e x p l a n a t i o n of t h e s e r e s u l t s r e q u i r e s a model t h a t i s 
a b l e t o d e s c r i b e t h e m o m e n t - c u r v a t u r e r e l a t i o n s h i p fo r a l l v a l u e s of 
moment up t o and i n c l u d i n g t h e maximum moment and t h a t i s a b l e t o i n c l u d e 
t h e e f f e c t of t h e boundary c o n d i t i o n s . 
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For t h e t e s t s e t - u p i n which t w i s t i n g i s p r e v e n t e d , a s o l u t i o n 
a n a l o g o u s t o one o b t a i n e d by o r t h o t r o p i c p l a t e t h e o r y i s c o n s t r u c t e d f o r 
a r e i n f o r c e d c o n c r e t e s l a b by i n t r o d u c i n g a m o d i f i c a t i o n of K i r c h o f f ' s 
a s s u m p t i o n s which p e r m i t s a un i fo rm s h e a r i n g s t r a i n i n t h e u n c r a c k e d 
p o r t i o n of t h e c o n c r e t e a l o n g a c r a c k - l i n e . The r e q u i r e d momen t - cu rva ­
t u r e model i s comple ted by d e f i n i n g i d e a l i z e d c o n s t i t u t i v e r e l a t i o n s h i p s 
fo r t h e c o n c r e t e and by d e f i n i n g a r e l a t i o n s h i p be tween t h e s t r a i n on 
t h e c r o s s - s e c t i o n and t h e f o r c e i n a r e i n f o r c i n g b a r . F i n a l l y , t h e 
maximum moment i s d e f i n e d by i d e n t i f y i n g i t w i t h t h e a t t a i n m e n t of a 
f a i l u r e s t a t e i n t h e c o n c r e t e , a s t a t e d e t e r m i n e d by u s i n g t h e maximum 
p r i n c i p a l s t r a i n t h e o r y of f a i l u r e . The r e s u l t i n g model p r o v i d e s a 
new c r i t e r i o n . 
By u s i n g t h e new c r i t e r i o n i t i s p o s s i b l e t o p r e d i c t t h e d i f ­
f e r e n c e i n b e h a v i o r which o c c u r r e d i n t h e two d i f f e r e n t s e r i e s of 
t e s t s . The lower v a l u e s of maximum bend ing moment, o b s e r v e d when 
t w i s t i n g i s p r e v e n t e d , a r e a t t r i b u t e d t o t h e o c c u r r e n c e of a c o n c r e t e 
t e n s i l e f a i l u r e a t t h e n e u t r a l a x i s p r i o r t o t h e o c c u r r e n c e of a con ­
c r e t e c o m p r e s s i v e f a i l u r e a t t h e s l a b ' s s u r f a c e . The h i g h e r v a l u e s of 
maximum b e n d i n g moment, o b s e r v e d when t w i s t i n g i s p e r m i t t e d , a r e 
a t t r i b u t e d t o t h e r e d i s t r i b u t i o n of s t r e s s a l l o w e d by t h e t w i s t i n g 
a c t i o n u n t i l s i m u l t a n e o u s f a i l u r e s , i n t e n s i o n a t t h e n e u t r a l a x i s and 




The app roach c u r r e n t l y b e i n g fo l lowed i n e s t a b l i s h i n g a y i e l d 
c r i t e r i o n f o r r e i n f o r c e d c o n c r e t e s l a b s r e l i e s on t h e i d e a t h a t t h e 
b e h a v i o r of a complex m a t e r i a l l i k e r e i n f o r c e d c o n c r e t e can be a d e ­
q u a t e l y d e s c r i b e d i n t e r m s of t h e p r o p e r t i e s of a s i m p l e r , p e r h a p s 
i d e a l i z e d , m a t e r i a l and i n t e r m s of a body of t h e o r y a l r e a d y i n e x i s t ­
e n c e . The a r e a s of t h e o r y b e i n g u t i l i z e d a r e t h e t h e o r y of t h i n p l a t e s 
and t h e t h e o r y of p l a s t i c i t y . I t i s assumed t h a t t h e r e a d e r h a s some 
f a m i l i a r i t y w i t h t h e a r e a s of t h e o r y i n v o l v e d , p a r t i c u l a r l y of t h i n 
p l a t e t h e o r y ; n e v e r t h e l e s s , an a t t e m p t w i l l be made t o keep t o a m i n i ­
mum t h e n e c e s s a r y p r e v i o u s knowledge . 
The Y i e l d C r i t e r i o n 
C e r t a i n m a t e r i a l s a t o r d i n a r y t e m p e r a t u r e s e x h i b i t t h e a b i l i t y 
t o undergo l a r g e d e f o r m a t i o n s w i t h o u t r u p t u r e and w i t h l i t t l e i n c r e a s e 
i n t h e i r l o a d - c a r r y i n g c a p a c i t y . Such d e f o r m a t i o n s a r e r e f e r r e d t o a s 
p l a s t i c d e f o r m a t i o n s ; and i f t h e l oad r e m a i n s c o n s t a n t d u r i n g t h e d e f o r m a ­
t i o n , t h e m a t e r i a l i s s a i d t o be p e r f e c t l y p l a s t i c ove r t h a t r e g i o n of 
d e f o r m a t i o n . A d e m o n s t r a t i o n of t h i s phenomenon o c c u r s i n a s i m p l e 
t e n s i o n t e s t of a s t e e l b a r and i s m a n i f e s t e d i n t h e s t r e s s - s t r a i n cu rve 
of t h e t e s t . At a c e r t a i n v a l u e of s t r e s s , c a l l e d t h e y i e l d s t r e s s , 
t h e cu rve s u d d e n l y becomes h o r i z o n t a l and m a i n t a i n s t h i s s t a t e o v e r a 
l a r g e r a n g e of s t r a i n v a l u e s . A p o r t i o n of a t y p i c a l s t r e s s - s t r a i n 
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c u r v e , showing t h e p e r f e c t l y p l a s t i c r e g i o n , f o r a s i m p l e t e n s i o n t e s t 
of a s t e e l b a r i s p r e s e n t e d i n F i g u r e 1. 
S i n c e t h e t r a n s i t i o n from t h e p r e - p l a s t i c r e g i o n t o t h e p l a s t i c 
r e g i o n u s u a l l y o c c u r s q u i t e r a p i d l y , i t can be c h a r a c t e r i z e d m a t h e ­
m a t i c a l l y a s a p o i n t of d i s c o n t i n u i t y i n t h e d e r i v a t i v e of t h e s t r e s s -
s t r a i n r e l a t i o n s h i p . Such a p o i n t of d i s c o n t i n u i t y can be l o c a t e d by 
s p e c i f y i n g t h e s t a t e of s t r e s s a t which i t o c c u r s ; t h e c o l l e c t i o n of 
a l l such s t a t e s of s t r e s s c o n s t i t u t e s a y i e l d c r i t e r i o n . 
The y i e l d c r i t e r i o n i s u s u a l l y e x p r e s s e d a s a m a t h e m a t i c a l f u n c ­
t i o n r e l a t i n g t h e components of t h e s t a t e of s t r e s s . Any s e t of s t r e s s 
components t h a t s a t i s f i e s t h i s r e l a t i o n s h i p d e f i n e s a p o i n t a t which 
t h e p l a s t i c r e g i o n b e g i n s . For t h e s i m p l e t e n s i o n t e s t t h e y i e l d c r i ­
t e r i o n can be e x p r e s s e d a s 
it. - d = 0 (1) 
P 
where d i s t h e normal s t r e s s on t h e c r o s s - s e c t i o n of t h e b a r and a i s 
P 
t h e y i e l d s t r e s s . I t s h o u l d be n o t e d t h a t i n t h i s p a r t i c u l a r c a s e d 
i s a p r i n c i p a l s t r e s s and t h a t t h e o t h e r two p r i n c i p a l s t r e s s e s a r e 
z e r o . In g e n e r a l , t h e y i e l d c r i t e r i o n would be e x p r e s s e d i n t e r m s of 
a l l t h r e e p r i n c i p a l s t r e s s e s . An example of a y i e l d c r i t e r i o n e x p r e s s e d 
i n t e r m s of p r i n c i p a l s t r e s s e s 6^, ti^ and i s "the w i d e l y used one of 
von Mises ( l ) 
( d 1 - d 2 ) 2 + ( d 2 - d 3 ) 2 + ( d 3 - rtjL)2 = 2 ( o " p ) 2 . ( 2 ) 
Von M i s e s ' c r i t e r i o n r e d u c e s t o t h e p r e v i o u s l y ment ioned c r i t e r i o n 
Numbers i n p a r e n t h e s e s r e f e r t o r e f e r e n c e s i n " L i t e r a t u r e C i t e d . " 
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f o r t h e s i m p l e t e n s i o n t e s t when 
t%1 = fl ( 3 ) 
< * 2 = 0 
d 3 = 0 . 
The v a r i a b l e s used t o d e f i n e a y i e l d c r i t e r i o n need n o t have 
t h e d i m e n s i o n s of a s t r e s s ; t h e y may be what P r a g e r (2) r e f e r s t o a s 
g e n e r a l i z e d s t r e s s e s . C o r r e s p o n d i n g t o a g e n e r a l i z e d s t r e s s t h e r e i s 
a g e n e r a l i z e d s t r a i n . Moment p e r u n i t w i d t h of c r o s s - s e c t i o n i s t h e 
g e n e r a l i z e d s t r e s s i n t e r m s of which t h e y i e l d c r i t e r i o n f o r p l a t e s and 
s l a b s i s u s u a l l y e x p r e s s e d ; t h e c o r r e s p o n d i n g g e n e r a l i z e d s t r a i n i s t h e 
c u r v a t u r e . 
The Flow Rule 
A c h a r a c t e r i s t i c of t h e p e r f e c t l y p l a s t i c r e g i o n i s t h e f a c t 
t h a t t h e g e n e r a l i z e d s t r e s s i s i n d e p e n d e n t of t h e g e n e r a l i z e d s t r a i n , 
i . e . , t h e g e n e r a l i z e d s t r e s s r e m a i n s c o n s t a n t for a l l v a l u e s of t h e 
g e n e r a l i z e d s t r a i n w i t h i n t h e p l a s t i c r e g i o n ; c o n s e q u e n t l y , s p e c i f y i n g 
a p a r t i c u l a r s t a t e of s t r e s s which s a t i s f i e s t h e y i e l d c r i t e r i o n d o e s 
n o t d e t e r m i n e a un ique s t a t e of s t r a i n . The flow r u l e i s conce rned w i t h 
p r o v i d i n g i n f o r m a t i o n abou t t h e s t a t e of s t r a i n t h a t i s a s s o c i a t e d w i t h 
a p a r t i c u l a r s t a t e of s t r e s s a t y i e l d . 
A w i d e l y used flow r u l e i s t h e one used by von Mises ( 3 ) i n h i s 
t h e o r y of p l a s t i c i t y . I t s t a t e s t h a t t h e components of t h e s t r a i n v e c ­
t o r i n t h e p l a s t i c r e g i o n a r e d i r e c t l y p r o p o r t i o n a l t o t h e p a r t i a l 
d e r i v a t i v e s of t h e y i e l d f u n c t i o n w i t h r e s p e c t t o t h e s t r e s s componen t s . 
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As an example of i t s a p p l i c a t i o n , c o n s i d e r von M i s e s 1 y i e l d c r i t e r i o n 
a s e x p r e s s e d i n e q u a t i o n ( 2 ) . The p l a s t i c s t r a i n components a r e g i v e n 
by 
• j = X ( 2 o 1 - d 2 - a 3 ) ( 4 ) 
e 2 • \{2*2 - 6Z - dl) 
£ 3 * X ( 2 d 3 " "l - a 2 ) 
where X i s an a r b i t r a r y p o s i t i v e f a c t o r of p r o p o r t i o n a l i t y . 
K o i t e r ( 4 ) h a s ex t ended von M i s e s ' c o n c e p t so t h a t a c o n t i n ­
uous f u n c t i o n w i t h d i s c o n t i n u i t i e s i n t h e f i r s t d e r i v a t i v e can be 
used t o d e f i n e a y i e l d c r i t e r i o n . As an example c o n s i d e r a p a r t i c u ­
l a r c a s e of t h e maximum p r i n c i p a l s t r e s s t h e o r y i n which t h e y i e l d 
c r i t e r i o n i s e x p r e s s e d m a t h e m a t i c a l l y by 
(d, - d ) ( d 9 - + d n ) ( d + a ) - 0 ( 5 ) I p 2 p l p 2 p 
and g r a p h i c a l l y ( s e e F i g u r e 2) by a s q u a r e . S i n c e t h e r e a r e o n l y two 
v a r i a b l e s i n e q u a t i o n ( 5 ) , t h e t e rms i n p a r e n t h e s e s , when e q u a l t o 
z e r o , may be t h o u g h t of a s p a i r s of s i m u l t a n e o u s e q u a t i o n s . Each p a i r 
of e q u a t i o n s t h a t can be s a t i s f i e d s i m u l t a n e o u s l y d e f i n e s a c o r n e r of 
t h e s q u a r e . For a s t a t e of s t r e s s a t a c o r n e r , two of t h e t e r m s i n 
p a r e n t h e s e s v a n i s h . Us ing d ^ = d ^ = d ^ a s an example , K o i t e r would 
a p p l y t h e flow r u l e s e p a r a t e l y t o t h e f i r s t and second t e r m s of e q u a ­
t i o n ( 5 ) a s f o l l o w s 
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(6) 




E 2 " X 2 • 
S i n c e \ ^ and >^ a r e a r b i t r a r y p o s i t i v e f a c t o r s , t h e s t r a i n can have 
any d i r e c t i o n be tween t h e no rma l s t o t h e l i n e s formed i n F i g u r e 2 by 
t h e v a n i s h i n g of t h e f i r s t two t e r m s of e q u a t i o n ( b ) . The p e r m i s s i b l e 
d i r e c t i o n s a r e i l l u s t r a t e d i n F i g u r e 2 by t h e a r r o w s . 
K o i t e r ' s a p p r o a c h d i f f e r s from von M i s e s 1 i n t h a t a t y i e l d a 
p a r t i c u l a r s t r e s s s t a t e can be a s s o c i a t e d w i t h a f a m i l y of s t r a i n 
d i r e c t i o n s r a t h e r t h a n w i t h a u n i q u e one and a p a r t i c u l a r s t r a i n d i r e c 
t i o n can be a s s o c i a t e d w i t h a f ami ly of s t r e s s s t a t e s . 
A s t r u c t u r e i s g e n e r a l l y c o n s i d e r e d t o have r e a c h e d i t s u s e f u l 
l i m i t when l a r g e d e f l e c t i o n s b e g i n t o accompany sma l l i n c r e a s e s i n l o a d ; 
i f p e r f e c t l y p l a s t i c , t h e l a r g e d e f l e c t i o n s would o c c u r w i t h o u t any 
i n c r e a s e i n l o a d . The load a t which l a r g e d e f l e c t i o n s e n s u e i s r e f e r r e d 
t o a s a l i m i t i n g l o a d , and t h e o b j e c t of l i m i t a n a l y s i s i s t h e d e t e r m i n ­
a t i o n of l i m i t i n g l o a d s . 
In d e t e r m i n i n g t h e l i m i t i n g l o a d of a s t r u c t u r e composed of p e r ­
f e c t l y p l a s t i c m a t e r i a l s , t h e uppe r -bound and lower -bound t h e o r e m s a r e 
L i m i t A n a l y s i s 
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v e r y i m p o r t a n t t o o l s . These t h e o r e m s can be s t a t e d a s f o l l o w s : 
l ower -bound theo rem - a load f o r which a s t r e s s f i e l d 
( i n c l u d i n g g e n e r a l i z e d s t r e s s f i e l d s ) can be found t h a t 
s a t i s f i e s t h e e q u i l i b r i u m c o n d i t i o n s and c o n t a i n s no p o i n t s 
l y i n g o u t s i d e t h e s u r f a c e s p e c i f i e d by t h e y i e l d c r i t e r i o n 
i s a load t h a t i s e q u a l t o o r l e s s t h a n t h e l i m i t i n g l o a d 
upper -bound theo rem - a load d e t e r m i n e d by e q u a t i n g t h e 
i n t e r n a l and e x t e r n a l work done by t h e a p p l i c a t i o n of an 
a r b i t r a r y p l a s t i c s t r a i n f i e l d which s a t i s f i e s c o m p a t i b i l i t y 
and k i n e m a t i c boundary r e q u i r e m e n t s i s a l o a d e q u a l t o o r 
g r e a t e r t h a n t h e l i m i t i n g l o a d . 
When p r o p o r t i o n a l l o a d i n g ( l o a d i n g d e t e r m i n e d by a s i n g l e p a r a m e t e r ) 
i s p o s t u l a t e d , t h e t h e o r e m s can be used t o d e t e r m i n e upper and l o w e r -
bounds on t h e l i m i t i n g l o a d ; and when t h e s e bounds c o i n c i d e , t h e l i m i t ­
i n g l oad has b e e n d e t e r m i n e d . 
Y i e l d - L i n e Theory 
Y i e l d - l i n e t h e o r y was d e v e l o p e d for and i s p r i m a r i l y used on 
r e i n f o r c e d c o n c r e t e s l a b s . I t was i n t r o d u c e d by A. I n g e r s l e v ( b ) i n 
1921 , and t h e major work i n b r i n g i n g i t t o i t s p r e s e n t s t a t e of d e v e l ­
opment was done by K. W. J o h a n s e n ( 6 ) . 
Y i e l d - l i n e t h e o r y i s a m o d i f i c a t i o n of l i m i t a n a l y s i s t h a t u s e s 
t h e uppe r -bound a p p r o a c h . The p l a s t i c s t r a i n s a r e assumed t o be c o n ­
c e n t r a t e d i n v e r y nar row b a n d s , r e f e r r e d t o a s y i e l d l i n e s . Any c o n f i g ­
u r a t i o n of y i e l d - l i n e s t h a t p e r m i t s t h e r e m a i n i n g p a r t s of t h e s l a b t o 
behave a s a mechanism c o n s t i t u t e s a p l a s t i c s t r a i n f i e l d s a t i s f y i n g 
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c o m p a t i b i l i t y and k i n e m a t i c boundary r e q u i r e m e n t s . Such a c o n f i g u r a t i o n 
of y i e l d - l i n e s i s r e f e r r e d t o a s a c o l l a p s e mechanism. 
For each t y p e of c o l l a p s e mechanism, t h e mechanism g i v i n g t h e 
s m a l l e s t upper -bound l i m i t i n g load can be d e t e r m i n e d , t h u s d e f i n i n g 
t h e l i m i t i n g l o a d fo r a s p e c i f i c t y p e of c o l l a p s e mechanism; a l s o , 
t h e s m a l l e s t l i m i t i n g load can be s e l e c t e d from t h o s e c o r r e s p o n d i n g 
t o d i f f e r e n t t y p e s of c o l l a p s e mechan isms . I t f o l l o w s t h a t t h e l i m i t ­
ing l o a d of a s l a b can be d e t e r m i n e d i f t h e a c t u a l c o l l a p s e mechanism 
i s i n c l u d e d among t h e t y p e s c o n s i d e r e d ; t h a t such i s t h e c a s e i s a 
b a s i c a s s u m p t i o n of y i e l d - l i n e t h e o r y . 
S i g n i f i c a n c e of t h e Y i e l d C r i t e r i o n 
S i n c e t h e a p p l i c a t i o n of e i t h e r t h e uppe r -bound o r t h e l o w e r -
bound theorem r e q u i r e s a knowledge of t h e y i e l d c r i t e r i o n , t h e r e s u l t s 
of t h e i r a p p l i c a t i o n i s no b e t t e r t h a n t h e y i e l d c r i t e r i o n u s e d . I f , 
t h e n , one w i s h e s t o have c o n f i d e n c e when a p p l y i n g l i m i t a n a l y s i s , and 
i n p a r t i c u l a r when a p p l y i n g y i e l d - l i n e t h e o r y , a f i r m l y e s t a b l i s h e d 
y i e l d c r i t e r i o n i s a n e c e s s i t y . 
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CHAPTER I I 
CURRENT STATE OF THE YIELD CRITERION 
A m a t h e m a t i c a l a n a l o g y of a p h y s i c a l phenomenon a t t e m p t s t o 
d e s c r i b e t h e i n t e r r e l a t i o n s h i p s t h a t e x i s t among t h e members of a 
chosen s e t of m e a s u r a b l e v a r i a b l e s i n v o l v e d i n t h e phenomenon. Two 
b a s i c a l l y d i f f e r e n t a p p r o a c h e s by which t o a r r i v e a t a m a t h e m a t i c a l 
d e s c r i p t i o n of a p a r t i c u l a r p h y s i c a l phenomenon a r e c u r r e n t l y i n g e n ­
e r a l u s e . One a p p r o a c h i s t o c o l l e c t , by a c t u a l measurement , many 
p a r t i c u l a r s e t s of t h e chosen v a r i a b l e s and t o use e x i s t i n g m a t h e ­
m a t i c a l , o r g r a p h i c a l , t e c h n i q u e s t o a r r i v e a t a m a t h e m a t i c a l form 
t h a t w i l l r e p r o d u c e w i t h i n a c c e p t a b l e l i m i t s t h e p a r t i c u l a r measured 
s e t s . In t h i s a p p r o a c h t h e r e i s no need t o p r o v i d e a p h y s i c a l i n t e r ­
p r e t a t i o n of t h e m a t h e m a t i c s , a l t h o u g h one may e x i s t . The p rob lem 
so lved i s e s s e n t i a l l y a m a t h e m a t i c a l one - t h a t of p r o v i d i n g an a p p r o x i ­
mate i n t e r p o l a t i o n formula f o r a known s e t of d a t a p o i n t s . The o t h e r 
a p p r o a c h u s e s t h e p h y s i c a l e v e n t a s a s t a r t i n g p o i n t . O b s e r v a t i o n s 
of t h e e v e n t a r e u t i l i z e d t o d e d u c e , o r h y p o t h e s i z e , p r o p e r t i e s t h a t 
t h e m a t h e m a t i c a l a n a l o g y shou ld p o s s e s s . Then, i n c o n j u n c t i o n w i t h 
g e n e r a l l y a c c e p t e d m a t h e m a t i c a l f o r m u l a t i o n s of r e l a t e d p h y s i c a l p h e ­
nomena, a m a t h e m a t i c a l a n a l o g y i s p o s t u l a t e d . The v a l i d i t y of t h e p r o ­
posed a n a l o g y i s e s t a b l i s h e d by compar i son w i t h a c t u a l m e a s u r e m e n t s . 
C u r r e n t f o r m u l a t i o n s of t h e y i e l d c r i t e r i o n f o r r e i n f o r c e d 
c o n c r e t e s l a b s can be i d e n t i f i e d a s b e l o n g i n g p r i m a r i l y t o one or t h e 
o t h e r of t h e s e two a p p r o a c h e s . Of t h e s e f o r m u l a t i o n s o n l y t h e one of 
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Baus and T o l a c c i a ( 7 ) can be c l a s s i f i e d a s h a v i n g used t h e f i r s t men­
t i o n e d a p p r o a c h . Of t h e r e m a i n i n g f o r m u l a t i o n s t h e c r i t e r i o n p roposed 
by K. W. J o h a n s e n ( 6 ) h a s r e c e i v e d t h e w i d e s t p r a c t i c a l u s e ; i n f a c t , a 
number of t h e o t h e r f o r m u l a t i o n s a r e e q u i v a l e n t f o r m u l a t i o n s of t h i s 
same c r i t e r i o n . For example , M. Save ( 8 ) h a s shown t h a t t h e form of 
t h e c r i t e r i o n found i n N i e l s e n ' s ( 9 ) work can be d e r i v e d d i r e c t l y from 
J o h a n s e n ' s c r i t e r i o n ; and i n t h e c l o s u r e of a d i s c u s s i o n of t h e i r p a p e r , 
Lenschow and Sozen (10) conceded t h a t t h e i r p r o p o s e d c r i t e r i o n was 
e q u i v a l e n t t o N i e l s e n ' s and a l s o t o f o r m u l a t i o n s p r e s e n t e d by K. 0 . 
Kemp (11) and by A. H i l l e r b o r g ( 1 2 ) . C o n s e q u e n t l y , of t h i s g r o u p , 
o n l y J o h a n s e n ' s c r i t e r i o n i s d i s c u s s e d i n d e t a i l ; N i e l s e n ' s d o e s d i f f e r 
w i t h r e s p e c t t o t h e magn i tude of t h e t o r s i o n a l moment, and h i s c r i t e r i o n 
i s d i s c u s s e d t o t h i s e x t e n t . The o n l y o t h e r c r i t e r i o n d i s c u s s e d s p e ­
c i f i c a l l y i s t h e one p r o p o s e d by M. W. Kwiec in sk i ( 1 3 ) . I t d i f f e r s 
from t h e o t h e r s i n i t s t r e a t m e n t of t h e b e h a v i o r of t h e r e i n f o r c i n g 
b a r s . Kwiec insk i a t t e m p t s t o a c c o u n t f o r t h e r e o r i e n t a t i o n of t h e 
r e i n f o r c i n g b a r a s i t c r o s s e s an o p e n i n g c r a c k , w h e r e a s t h e o t h e r s 
( w i t h t h e e x c e p t i o n of Baus and T o l a c c i a ) assume t h a t t h i s phenomenon 
h a s an i n s i g n i f i c a n t e f f e c t . 
C r i t e r i o n of K. V. J o h a n s e n 
One of t h e e a r l i e s t and s i m p l e s t o f t h e c u r r e n t c r i t e r i a i s 
t h e one p roposed by K. W. J o h a n s e n fo r i s o t r o p i c r e i n f o r c e m e n t . I t 
i s o f t e n p r e s e n t e d , a t l e a s t g r a p h i c a l l y , i n a form a n a l o g o u s t o t h e 
maximum normal s t r e s s t h e o r y men t ioned i n t h e I n t r o d u c t i o n , hence t h e 
te rm 11 s q u a r e y i e l d c r i t e r i o n " o f t e n used i n r e f e r r i n g t o i t . Using 
K o i t e r ' s a p p r o a c h and l e t t i n g and be p r i n c i p a l moments, J o h a n s e n ' s 
c r i t e r i o n becomes 
t o 
(Mx - Mp)(M2 - Mp)(Mx + Mp)(M2 + Mp) =0 (&) 
where Mp i s t h e y i e l d moment; however , one r a r e l y s e e s i t e x p r e s s e d 
i n t h i s form m a t h e m a t i c a l l y . The u s u a l m a t h e m a t i c a l form i s d e v e l o p e d 
i n what f o l l o w s . 
Be fo re p r o c e e d i n g any f u r t h e r , a r e v i e w of t h e r a t i o n a l e t h a t 
p e r m i t s a r e i n f o r c e d c o n c r e t e s l a b t o be t r e a t e d a s h a v i n g c o n t i n u o u s l y 
d i s t r i b u t e d p r o p e r t i e s a l o n g t h e w i d t h of a c r o s s - s e c t i o n may be h e l p f u l . 
A r e i n f o r c e d c o n c r e t e s l a b i s composed of two m a t e r i a l s , s t e e l and c o n ­
c r e t e . The s t e e l i s d i s t r i b u t e d t h r o u g h o u t t h e s l a b i n t h e form of 
smal l b a r s p l a c e d i n a g r i d p a t t e r n and i s s u r r o u n d e d by t h e c o n c r e t e . 
The c o n c r e t e c r a c k s a t r e l a t i v e l y low l e v e l s of t e n s i l e s t r e s s and , 
for most p r a c t i c a l c a s e s , u s u a l l y c r a c k s p r i o r t o y i e l d i n g of t h e s t e e l . 
C o n s e q u e n t l y , t h e c r i t i c a l c r o s s - s e c t i o n i s one t h a t c o i n c i d e s w i t h a 
c r a c k , and t h e p r o p e r t i e s of t h i s c r a c k e d s e c t i o n a r e u t i l i z e d i n 
r e i n f o r c e d c o n c r e t e t h e o r y . I f t h e f o r c e s i n t h e b a r s c r o s s i n g t h e 
c r a c k a r e c o n v e r t e d i n t o an e q u i v a l e n t l i n e - f o r c e a l o n g t h e w i d t h of 
t h e c r o s s - s e c t i o n , t h e n a r e i n f o r c e d c o n c r e t e s l a b can be t r e a t e d a s h a v ­
ing c o n t i n u o u s l y d i s t r i b u t e d p r o p e r t i e s a long t h e w i d t h of t h e p a r t i c u ­
l a r c r o s s - s e c t i o n under c o n s i d e r a t i o n . 
C o n s i d e r a c r a c k e d - s e c t i o n a t some a r b i t r a r y a n g l e t o t h e d i r e c ­
t i o n of t h e r e i n f o r c e m e n t . Le t t h e d i r e c t i o n of t h e r e i n f o r c e m e n t 
c o i n c i d e w i t h an x-y c o o r d i n a t e sys t em, and l e t t h e normal t o t h e 
c r a c k e d s e c t i o n c o i n c i d e w i t h t h e n - a x i s and t h e c r a c k - l i n e c o i n c i d e 
w i t h t h e t - a x i s of an n - t c o o r d i n a t e s y s t e m . Now l e t us d e f i n e t h e 
f o l l o w i n g symbo l s : 
a n g l e be tween t h e x - a x i s and t h e n - a x i s 
y i e l d s t r e s s under u n i a x i a l load 
l e n g t h of moment arm 
c r o s s - s e c t i o n a l a r e a of an x - d i r e c t i o n b a r 
c r o s s - s e c t i o n a l a r e a of a y - d i r e c t i o n b a r 
n - d i r e c t i o n component of f o r c e p e r u n i t l e n g t h of 
c r a c k - l i n e 
t - d i r e c t i o n component of f o r c e p e r u n i t l e n g t h of 
c r a c k - l i n e 
x - d i r e c t i o n component of f o r c e p e r u n i t l e n g t h of 
c r a c k - l i n e 
y - d i r e c t i o n component of f o r c e p e r u n i t l e n g t h of 
c r a c k - l i n e 
n - d i r e c t i o n component of 
t - d i r e c t i o n component of F^ 
n - d i r e c t i o n component of F^ 
t - d i r e c t i o n component of F 
l e n g t h of c r a c k - l i n e p e r x - d i r e c t i o n b a r 
l e n g t h of c r a c k - l i n e p e r y - d i r e c t i o n b a r 
bend ing moment p e r u n i t l e n g t h of c r a c k - l i n e 
t w i s t i n g moment p e r u n i t l e n g t h of c r a c k - l i n e 
y i e l d moment p e r u n i t l e n g t h of c r a c k - l i n e a t a = 0 ° 
y i e l d moment p e r u n i t l e n g t h of c r a c k - l i n e a t a = 90° 
s p a c i n g be tween x - d i r e c t i o n b a r s 
s p a c i n g be tween y - d i r e c t i o n b a r s 
x - d i r e c t i o n component of f o r c e p e r x - d i r e c t i o n b a r 
y - d i r e c t i o n component of f o r c e p e r x - d i r e c t i o n b a r 
x - d i r e c t i o n component of f o r c e p e r y - d i r e c t i o n b a r 
y - d i r e c t i o n component of f o r c e p e r y - d i r e c t i o n b a r . 
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R e f e r r i n g t o F i g u r e 3 t h e f o l l o w i n g g e o m e t r i c a l r e l a t i o n s h i p s 
can be o b s e r v e d 
L x = S / c o s a (9) 
L = S y / s i n a 
and u t i l i z i n g t h e s i m p l i f i c a t i o n of c o n v e r t i n g b a r f o r c e s i n t o an 
e q u i v a l e n t l i n e - f o r c e g i v e s 
F = (T A ) + (T A ) . 
y y / y w x 
Assuming t h a t a r e i n f o r c i n g ba r c r o s s i n g a c r a c k - l i n e b e h a v e s 
a s i f i t were in a s t a t e of s imple t e n s i o n p r o v i d e s 
T = T = 0 (11) xy yx 
and assuming t h a t a r e i n f o r c i n g b a r c r o s s i n g t h e c r a c k i n a y i e l d l i n e 
must be i n t h e y i e l d e d s t a t e p r o v i d e s 
T = A f (12) xx x p * ' 
T = A f . 
yy y p 
Then, s u b s t i t u t i o n of e q u a t i o n s ( 9 ) , (11) and (12) i n t o e q u a t i o n s (10) 
r e d u c e s them t o 
Fx = 'VSx ) fp c o s a (13> 
F y = ( W f P S i n a • 
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R e f e r r i n g now t o F i g u r e 4 , t h e t r a n s f o r m a t i o n of t h e e q u i v a ­
l e n t l i n e - f o r c e from x and y - d i r e c t i o n components t o n and t - d i r e c t i o n 
components i s g i v e n by 
F = F cos a (14) 
xn x 
F . = -F s i n a 
x t x 
F = F s i n a yn y 
F = F cos a y t y 
and 
F - F + F (15) n yn xn 
F = F + F . 
t y t x t 
S u b s t i t u t i o n of e q u a t i o n s (13) and (14) i n t o e q u a t i o n s (15) r e d u c e s 
them t o 
c o s a 
F n = W f p S l n a + ( V S x } f p 
F t = ( ( V S y } f P " ( V S x } f P 5 s i n a c o s a 
( 1 6 ) 
Assuming t h a t t h e moment arm i s t h e same l e n g t h f o r b o t h , t h e 
b e n d i n g and t w i s t i n g moments p e r u n i t l e n g t h of y i e l d - l i n e a r e g i v e n 
by 
M = F h (17) nn n * ' 
M = F, h n t t 
and s u b s t i t u t i n g e q u a t i o n s (16) i n t o t h e s e g i v e s 
1 A 
M n n = ^Aŷ V f p h s i n 2 ( 3 + ^ A > / S x ^ f p h c o s 2 a * ^ 1 8 ^ 
« n t = ( ( A y / S y ) f p h " ( A j / S ^ ) f h) s i n a cos a . 
Assuming t h a t t h e l e n g t h of t h e moment arm i s i n d e p e n d e n t of 
t h e o r i e n t a t i o n of t h e y i e l d - l i n e t o t h e r e i n f o r c e m e n t , t h e y i e l d 
moments f o r y i e l d - l i n e s normal t o t h e r e i n f o r c e m e n t d i r e c t i o n s a r e 
g i v e n by 
M = (A / S ) f h (19 ) 
py / y p 
M - (A / S ) f h 
px VF x D px 
and s u b s t i t u t i o n of t h e s e i n t o e q u a t i o n s (18) g i v e s 
M = M s i n 2 a + M c o s 2 a (20) nn py px ' 
M = (M - M ) s i n a cos a n t py p x ' 
which i s t h e g e n e r a l form of J o h a n s e n ' s c r i t e r i o n . 
I n o r d e r t o go from t h e g e n e r a l form t o t h e s q u a r e y i e l d form 
of t h e i s o t r o p i c c a s e , r e c a l l t h a t 
M = M = M (21) py px p 
S u b s t i t u t i n g t h i s i n t o t h e g e n e r a l form g i v e s 
M = M (22) nn p ' 
M = 0 n t 
from which i t can be seen t h a t t h e moment a l o n g t h e y i e l d - l i n e i s a 
p r i n c i p a l one and t h a t t h e o r i e n t a t i o n of t h e y i e l d - l i n e t o t h e 
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r e i n f o r c e m e n t i s a r b i t r a r y . Remembering, however , t h a t a l l r e i n f o r c e ­
ment was assumed t o be y i e l d i n g i n o r d e r t o a r r i v e a t t h e g e n e r a l form 
e x p r e s s e d i n e q u a t i o n s ( 2 0 ) , i t i s n e c e s s a r y t o a c c o u n t f o r t h e p h y s i c a l 
f a c t t h a t a y i e l d - l i n e can o c c u r normal t o one r e i n f o r c e m e n t d i r e c t i o n 
w i t h o u t r e q u i r i n g t h e o t h e r r e i n f o r c e m e n t t o y i e l d . T h i s c o n d i t i o n 
o c c u r s when a = 0° and when a = 9 0 ° . O b s e r v a t i o n of e q u a t i o n s (20) shows 
t h a t M p y i s a r b i t r a r y when a = 0° and i s a r b i t r a r y when a = 9 0 ° ; 
t h e r e f o r e n o t a l l r e i n f o r c e m e n t i s r e q u i r e d t o y i e l d i n t h e s e two c a s e s . 
T h i s e x c e p t i o n l e a d s d i r e c t l y t o t h e s q u a r e y i e l d form. 
In t h e c a s e of o r t h o t r o p i c r e i n f o r c e m e n t ( d i f f e r e n t r e i n f o r c e ­
ment i n t h e x and y d i r e c t i o n s ) , i s no t equa l t o and a t y i e l d , 
t h e c r o s s - s e c t i o n can have b o t h a bend ing and a t w i s t i n g moment. Whether 
o r no t a t w i s t i n g moment cou ld e x i s t a l o n g a y i e l d l i n e h a s been a m a t t e r 
of some c o n t r o v e r s y ; however , r e c e n t t e s t s by Lenschow and Sozen (14) 
and by P e t e r Lenke i (15) show t h a t i t can e x i s t . The p o s s i b i l i t y of a 
p r i n c i p a l c u r v a t u r e on o t h e r t h a n a p r i n c i p a l moment c r o s s - s e c t i o n has been 
d e m o n s t r a t e d i n o r t h o t r o p i c p l a t e t h e o r y ; t h e r e f o r e t h e a c c e p t a n c e i n 
y i e l d - l i n e t h e o r y of a p r i n c i p a l c u r v a t u r e a l o n g a y i e l d - l i n e i s com­
p a t i b l e w i t h b o t h J o h a n s e n ' s c r i t e r i o n and t h i n p l a t e t h e o r y . 
J o h a n s e n conduc ted no comprehens ive t e s t program t o v e r i f y h i s 
y i e l d c r i t e r i o n e x p l i c i t l y . He d id conduc t t e s t s t o d e t e r m i n e y i e l d 
p r i n c i p a l moments on c r o s s - s e c t i o n s p e r p e n d i c u l a r t o t h e r e i n f o r c e m e n t 
w h i l e h o l d i n g t h e minor p r i n c i p a l moment equa l t o z e r o , i . e . t e s t s on 
w i d e , s h a l l o w beams . These t e s t s d e m o n s t r a t e d t h a t such r e i n f o r c e d 
c o n c r e t e members d i d have p r o p e r t i e s which c l o s e l y a p p r o x i m a t e d t h e 
p e r f e c t l y p l a s t i c c o n d i t i o n . He a l s o showed t h a t t h e a p p l i c a t i o n of 
y i e l d - l i n e t h e o r y , u s i n g h i s c r i t e r i o n , was a b l e t o p r e d i c t r e a s o n a b l y 
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w e l l t h e l o a d c a r r y i n g c a p a c i t i e s of s l a b s t e s t e d by t h e German 
R e i n f o r c e d C o n c r e t e Board and by h i m s e l f ( 6 ) , which may be i n t e r ­
p r e t e d a s an i m p l i c i t v e r i f i c a t i o n of t h e y i e l d c r i t e r i o n . 
Ano the r w i d e l y used form of t h e y i e l d c r i t e r i o n , which was 
o f f e r e d by N i e l s e n ( 9 ) , among o t h e r s , and which M. Save (8 ) h a s 
shown t o be e q u i v a l e n t t o J o h a n s e n ' s , a s e x p r e s s e d i n t e r m s of t h e 
moments o n c r o s s - s e c t i o n s whose no rma l s a r e p a r a l l e l t o t h e d i r e c ­
t i o n s of t h e r e i n f o r c e m e n t , i . e . t h e x and y a x e s . T h i s form of t h e 
y i e l d c r i t e r i o n i s e x p r e s s e d a s f o l l o w s 
E q u a t i o n (23) i m p l i e s a p o s i t i v e bend ing moment on t h e y i e l d i n g c r o s s -
s e c t i o n ; a s i m i l a r e q u a t i o n fo r a n e g a t i v e moment a t y i e l d i s 
where t h e p r ime i n d i c a t e s n e g a t i v e moment m a g n i t u d e s . I n t h i s form 
t h e g e n e r a l i z e d flow law of t h e p l a s t i c p o t e n t i a l can be r e a d i l y 
a p p l i e d , and s o l u t i o n s i n t h e t h e o r y of p l a s t i c i t y become a v a i l a b l e 
for u s e on r e i n f o r c e d c o n c r e t e s l a b s . 
Al though t h e form of N i e l s e n ' s c r i t e r i o n i s e q u i v a l e n t t o 
J o h a n s e n ' s , i t d i f f e r s w i t h r e s p e c t t o t h e v a l u e of t h e t o r s i o n a l 
moment on t h e c r o s s - s e c t i o n s normal t o t h e r e i n f o r c i n g b a r s . N i e l s e n ' s 
c r i t e r i o n r e d u c e s t o J o h a n s e n ' s a s a s p e c i a l c a s e , b u t in g e n e r a l i t 
p r e d i c t s s m a l l e r v a l u e s of t o r s i o n a l moment. The lower v a l u e s of 
( M - M )(M - M ) - ( M ) 2 = 0 . px xx ' py yy ' * xy ' ( 2 3 ) 
(M' + M )(M* + M ) - (M ) 2 = 0 px x x ' * py yy ' x xy (24 ) 
C r i t e r i o n of M. P . N i e l s e n 
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N i e l s e n a r e n o t u n e x p e c t e d s i n c e h i s c r i t e r i o n was d e r i v e d u s i n g a 
lower -bound a p p r o a c h . 
N i e l s e n ' s c r i t e r i o n r e s t s on t h e i d e a l i z a t i o n of s t e e l and 
c o n c r e t e i n t o r i g i d - p l a s t i c m a t e r i a l s . Using t h e s e i d e a l i z a t i o n s he 
c o n s t r u c t s a s t a t i c a l l y a d m i s s i b l e s t r e s s f i e l d t h a t nowhere e x c e e d s 
t h e p l a s t i c l i m i t s . 
S i n c e N i e l s e n ' s c r i t e r i o n d i f f e r s from J o h a n s e n ' s w i t h r e s p e c t 
t o t h e t o r s i o n a l moment and s i n c e N i e l s e n ' s t e s t s were d e s i g n e d t o 
p r o v i d e i n f o r m a t i o n a b o u t t h e magn i tude of p u r e t o r s i o n a l moment 
on c r o s s - s e c t i o n s normal t o t h e r e i n f o r c i n g b a r s , o n l y t h i s p a r t i c u l a r 
c a s e of h i s c r i t e r i o n i s p r e s e n t e d . The s t r e s s f i e l d c o n s i s t s of two 
d i s c o n n e c t e d p l a n e s t r e s s f i e l d s i n t h e c o n c r e t e , one a t t h e t o p and 
one a t t h e bo t tom of t h e s l a b , and u n i a x i a l s t r e s s f i e l d s i n t h e 
r e i n f o r c i n g b a r s . The two p r i n c i p a l s t r e s s e s i n b o t h c o n c r e t e p l a n e 
s t r e s s f i e l d s a r e r e s p e c t i v e l y e q u a l t o z e r o and t o t h e c o m p r e s s i v e 
p l a s t i c s t r e s s ; t h e u n i a x i a l s t r e s s e s i n t h e r e i n f o r c i n g b a r s a r e 
e q u a l t o t h e t e n s i l e p l a s t i c s t r e s s . The d e p t h s of t h e two c o n c r e t e 
s t r e s s f i e l d s a r e assumed t o be e q u a l , and t h e o r i e n t a t i o n of t h e 
c o n c r e t e p r i n c i p a l s t r e s s e s t o t h e d i r e c t i o n of t h e r e i n f o r c i n g b a r s 
i s such t h a t t h e c o m p r e s s i v e f o r c e in t h e c o n c r e t e on t h e c r o s s - s e c t i o n 
normal t o t h e r e i n f o r c i n g b a r i s equa l t o t h e t e n s i l e f o r c e i n t h e b a r . 
C o n s e q u e n t l y , t h e bend ing moment on t h i s c r o s s - s e c t i o n i s z e r o , b u t a 
t o r s i o n a l moment i s p r e s e n t due t o t h e s h e a r i n g s t r e s s e s i n t h e c o n ­
c r e t e . Acco rd ing t o t h i s s t r e s s f i e l d t h e t o r s i o n a l moment can be 
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and M and M a r e t h e y i e l d p r i n c i p a l moments on c r o s s - s e c t i o n s py px I R R 
normal t o y and x - d i r e c t i o n r e i n f o r c e m e n t r e s p e c t i v e l y . 
N i e l s e n (16) c o n d u c t e d e x p e r i m e n t s whose r e s u l t s were i n e x c e l ­
l e n t ag reemen t w i t h h i s c r i t e r i o n . 
Kwiec in sk i j u s t i f i e s t h e d i f f e r e n c e be tween h i s c r i t e r i o n and 
o t h e r s on t h e b a s i s of t h e two f o l l o w i n g a s s u m p t i o n s i 
(1) t h e l i n e of a c t i o n of t h e f o r c e i n a r e i n f o r c i n g b a r 
c r o s s i n g a c r a c k d e v i a t e s a t y i e l d from t h e o r i g i n a l 
d i r e c t i o n of t h e ba r 
(2) t h e change i n d i r e c t i o n of t h e f o r c e s i n t h e b a r s c r o s s i n g 
a c r a c k w i l l a d j u s t so t h a t a p r i n c i p a l moment i s m a i n t a i n e d 
a l o n g t h e y i e l d l i n e . 
J o h a n s e n assumes t h a t t h e l i n e of a c t i o n of t h e f o r c e i n t h e b a r d o e s 
n o t c h a n g e . Wood (17) d i s c u s s e s a " k i n k i n g " t h e o r y t h a t a s sumes t h e 
new l i n e of a c t i o n of t h e f o r c e t o be p e r p e n d i c u l a r t o t h e c r a c k . 
K w i e c i n s k i ' s a s s u m p t i o n s p roduce a c r i t e r i o n t h a t l i e s somewhere 
be tween t h e s e two; c o n s e q u e n t l y , i t i s r e f e r r e d t o a s a " p a r t i a l - k i n k ­
i n g " c r i t e r i o n . 
The p a r t i a l - k i n k i n g c r i t e r i o n fo r i s o t r o p i c r e i n f o r c e m e n t ha s 
t h e f o l l o w i n g form 
C r i t e r i o n of M . W. Kwiec insk i 
where A i s an e m p i r i c a l l y d e t e r m i n e d c o n s t a n t t h a t may v a r y be tween 
z e r o and o n e . When A i s o n e , t h e c r i t e r i o n r e d u c e s t o J o h a n s e n ' s 
c r i t e r i o n ; when A i s z e r o , i t r e d u c e s t o t h e k i n k i n g c r i t e r i o n d e s ­
c r i b e d by Wood. 
K w i e c i n s k i (18) c o n d u c t e d t e s t s on s i m p l e - s p a n n i n g s l a b s w i t h 
r e i n f o r c e m e n t a t a n g l e s of 0 , 1 5 , 30 and 45 d e g r e e s t o t h e span d i r e c ­
t i o n i n o r d e r t o v e r i f y h i s t h e o r y , and a c c o r d i n g t o h i s i n t e r p r e t a t i o n , 
t h e r e s u l t s s u p p o r t e d h i s t h e o r y . S i n c e t h e number of b a r s c r o s s i n g a 
y i e l d - l i n e was smal l and s i n c e bond f a i l u r e s o c c u r r e d a l o n g t h e s l a b 
e d g e s , i t was n e c e s s a r y fo r him t o d e f i n e an e f f e c t i v e l e n g t h o f y i e l d -
l i n e i n o r d e r t o g e t h i s r e s u l t s . F u r t h e r m o r e , t h e r e was no p r o o f t h a t 
s t r a i n h a r d e n i n g d i d n o t o c c u r . In view of t h i s , some q u e s t i o n e x i s t s 
w i t h r e s p e c t t o t h e d e g r e e of v e r i f i c a t i o n p r o v i d e d by h i s t e s t s . 
Some s u p p o r t i n g e v i d e n c e w i t h r e s p e c t t o t h e 4 5 - d e g r e e t e s t r e s u l t s i s 
o f f e r e d by Wood ( 1 7 ) , who comments on t h e f a c t t h a t a 16 p e r c e n t i n c r e a s e 
i n y i e l d moment was o b s e r v e d i n a number of t e s t s conduc t ed a t t h e B u i l d ­
i n g R e s e a r c h S t a t i o n i n E n g l a n d ; K w i e c i n s k i ' s r e s u l t s showed an 1 8 . 8 
p e r c e n t i n c r e a s e . 
C r i t e r i o n of Baus and T o l a c c i a 
S q u a r e s l a b s s u b j e c t e d t o u n i f o r m l y d i s t r i b u t e d moments on o p p o ­
s i t e edges were used t o p r o d u c e t h e d a t a from which t h e i r c r i t e r i o n was 
d e r i v e d . The measured v a r i a b l e s were t h e a p p l i e d moments on t h e e d g e s 
and t h e c u r v a t u r e a t an i n t e r i o r p o i n t on t h e s l a b . The y i e l d moment 
was i d e n t i f i e d by u t i l i z i n g t h e measured m o m e n t - c u r v a t u r e r e l a t i o n s h i p 
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t o d e t e r m i n e t h e moment a t which l a r g e i n c r e a s e s i n c u r v a t u r e e n s u e d . 
The measured moments were p r i n c i p a l o n e s , hence t h e i r c r i t e r i o n 
i s e x p r e s s e d i n t e r m s of t h e two p r i n c i p a l moments which t h e y have 
d e s i g n a t e d a s M̂  and M^. S i n c e o n l y t h e form of t h e i r c r i t e r i o n i s of 
i m p o r t a n c e i n what f o l l o w s , no a t t e m p t w i l l be made t o p r e s e n t t h e i r 
c r i t e r i o n p e r s e . The c r i t e r i o n c o n s i s t s of e i g h t s e p a r a t e l i n e a r 
r e l a t i o n s h i p s i n M̂  and M^j i t s form i s d e p i c t e d g r a p h i c a l l y i n F i g u r e 
5 . Each of t h e e i g h t l i n e a r r e l a t i o n s h i p s i s a f u n c t i o n of t h e a n g l e 
be tween t h e d i r e c t i o n of t h e r e i n f o r c e m e n t and t h e d i r e c t i o n of t h e 
p r i n c i p a l moment. C o n s e q u e n t l y , t h e s l o p e s of t h e l i n e a r r e l a t i o n s h i p s 
a r e , i n g e n e r a l , d i f f e r e n t fo r each a n g l e , b u t t h e y w i l l n o t change 
s i g n s . 
The c r i t i c a l h y p o t h e s i s u n d e r l y i n g t h e i r a p p r o a c h i s t h e a s sump­
t i o n t h a t t h e b e h a v i o r of t h e s l a b e l e m e n t i n t h e i r t e s t s i s r e p r e s e n ­
t a t i v e of t h e b e h a v i o r of a g e n e r a l e l e m e n t in t h e i n t e r i o r of a s l a b . 
T h i s a s s u m p t i o n i s p l a c e d i n doub t by t h e f a c t t h a t t h e t e s t e l e m e n t i s 
b a n d e d by a r e g i o n of h e a v i e r r e i n f o r c e m e n t and by t h e f a c t t h a t t h e 
method of a p p l y i n g t h e l o a d t h r o u g h c lamped-on c a n t i l e v e r e d arms a l o n g 
t h e edges g r e a t l y r e d u c e s t h e number of p o s s i b l e p a t h s t h a t t h e y i e l d -
l i n e s may t a k e o u t t o t h e b o u n d a r i e s . 
Many of Baus and T o l a c c i a ' s t e s t v a l u e s a r e s i g n i f i c a n t l y g r e a t e r 
t h a n t h e v a l u e s p r e d i c t e d by J o h a n s e n ' s c r i t e r i o n ( J o h a n s e n ' s v a l u e s 
a r e shown a s a dashed l i n e i n F i g u r e 5 ) , They a t t r i b u t e t h e l a r g e r 
v a l u e s o b s e r v e d i n t h e i r t e s t s t o a phenomenon r e f e r r e d t o a s " p e r ­
p e n d i c u l a r p l a s t i f i c a t i o n . " I t s e f f e c t i s t o change t h e l i n e of a c t i o n 
of t h e f o r c e in t h e r e i n f o r c i n g b a r from one a l o n g t h e a x i s of t h e b a r 
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t o one p e r p e n d i c u l a r t o t h e open ing c r a c k which t h e b a r i s c r o s s i n g . 
T h i s phenomenon i s a l s o c a l l e d " k i n k i n g " and was r e f e r r e d t o p r e ­
v i o u s l y i n d i s c u s s i n g t h e c r i t e r i o n of M. W. K w i e c i n s k i . 
Compar i sons of Some R e p o r t e d E x p e r i m e n t a l R e s u l t s 
A number of d i f f e r e n t i n v e s t i g a t o r s ( 7 ) , ( 1 5 ) , ( 1 6 ) , ( 1 8 ) , ( 1 9 ) con ­
d u c t e d e x p e r i m e n t s d e s i g n e d t o p r o v i d e i n f o r m a t i o n a b o u t t h e y i e l d c r i ­
t e r i o n . T h e r e i s c o n s i d e r a b l e v a r i a t i o n i n t h e i r r e p o r t e d r e s u l t s , 
and u n f o r t u n a t e l y i t o c c u r s even i n what a p p e a r t o be e q u i v a l e n t t e s t s . 
In what f o l l o w s , s e v e r a l p h r a s e s a r e used whose meaning may be 
u n f a m i l i a r o r u n c l e a r t o t h e r e a d e r ; t h e s e p h r a s e s and t h e i r mean ings 
a r e : 
s imply r e i n f o r c e d s l a b - a l l of t h e r e i n f o r c e m e n t i s on one s i d e of 
t h e m i d d l e s u r f a c e of t h e s l a b 
d o u b l y r e i n f o r c e d s l a b - some r e i n f o r c e m e n t i s ' o n b o t h s i d e s of t h e 
m i d d l e s u r f a c e of t h e s l a b 
d e g r e e of o r t h o t r o p y - t h e r a t i o of t h e y i e l d moments a s s o c i a t e d w i t h 
t h e c r o s s s e c t i o n s t h a t a r e p e r p e n d i c u l a r t o t h e r e i n f o r c e m e n t 
d i r e c t i o n s . The r a t i o i s u s u a l l y e x p r e s s e d so t h a t i t i s e q u a l 
t o o r l e s s t h a n o n e . 
Baus and T o l a c c i a a s w e l l a s Lenschow and Sozen conduc t ed t e s t s 
i n which e q u a l b i a x i a l moments of l i k e s i g n s were a p p l i e d t o s imply 
r e i n f o r c e d t e s t s p e c i m e n s . Using t h e v a l u e s p r e d i c t e d by J o h a n s e n ' s 
c r i t e r i o n a s a b a s i s f o r compar ing t h e t e s t r e s u l t s , t h e two v a l u e s 
r e p o r t e d by Baus and T o l a c c i a exceeded J o h a n s e n ' s p r e d i c t e d v a l u e s 
by 28 and 29 p e r c e n t , w h i l e Lenschow and Sozen r e p o r t e d s i x v a l u e s t h a t 
exceeded J o h a n s e n ' s p r e d i c t e d v a l u e s by p e r c e n t a g e s r a n g i n g from o n l y 
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1 t o 5 p e r c e n t . Lenschow and Sozen ( 1 9 ) s u g g e s t t h a t a s i z e a b l e p o r t i o n 
of t h e l a r g e r v a l u e s r e p o r t e d by Baus and T o l a c c i a can be a t t r i b u t e d 
t o t h e band of h e a v i e r r e i n f o r c e m e n t t h a t s u r r o u n d s t h e i r t e s t s p e c i ­
men, y e t N i e l s e n ' s t e s t spec imens a r e s u r r o u n d e d by s t e e l c h a n n e l s and 
no such l a r g e v a l u e s a p p e a r i n h i s r e p o r t e d r e s u l t s . Baus and T o l a c c i a 
a t t r i b u t e t h e i r h i g h e r r e s u l t s t o k i n k i n g of t h e r e i n f o r c i n g b a r s , b u t 
no such k i n k i n g e f f e c t m a n i f e s t e d i t s e l f i n Lenschow and S o z e n ' s work. 
Baus and T o l a c c i a , Lenschow and Sozen and a l s o M. P . N e i l s e n 
conduc ted t e s t s i n which e q u a l moments of o p p o s i t e s i g n were a p p l i e d 
t o d o u b l y r e i n f o r c e d t e s t s p e c i m e n s . Baus and T o l a c c i a used t h e same 
r e i n f o r c e m e n t i n a l l t h e i r t e s t s b u t changed t h e a n g l e be tween t h e p r i n ­
c i p a l moments and t h e d i r e c t i o n of t h e r e i n f o r c i n g b a r s ; N i e l s e n used 
t h e same a n g l e between r e i n f o r c i n g b a r s and p r i n c i p a l moments i n a l l h i s 
t e s t s b u t changed t h e r e i n f o r c e m e n t ; Lenschow and Sozen changed b o t h i n 
t h e i r t e s t s . Baus and T o l a c c i a ' s v a l u e s exceeded t h e v a l u e s of J o h a n s e n ' s 
c r i t e r i o n by amounts r a n g i n g from 5 t o 25 p e r c e n t ; Lenschow and S o z e n ' s 
v a l u e s r a n g e d from 3 p e r c e n t below t o 5 p e r c e n t above , and N i e l s e n ' s 
v a l u e s r a n g e d from 7 p e r c e n t above t o 21 p e r c e n t b e l o w . For t h e c a s e 
of p r i n c i p a l moments a t 45 d e g r e e s t o t h e r e i n f o r c i n g b a r s , t h e r e a r e 
no t e s t s i n which a l l i n v e s t i g a t o r s had a r e i n f o r c e m e n t p a t t e r n w i t h 
t h e same d e g r e e of o r t h o t r o p y ; however , Lenschow and Sozen w i t h a d e g r e e 
of o r t h o t r o p y of 1.0 and N i e l s e n w i t h a d e g r e e of o r t h o t r o p y of 0 . 7 4 
r e p o r t e d r e s u l t s t h a t exceeded J o h a n s e n ' s p r e d i c t e d v a l u e s from 1 t o 5 
p e r c e n t , w h i l e Baus and T o l a c c i a w i t h an i n t e r m e d i a t e d e g r e e of o r t h o ­
t r o p y of 0 . 8 2 r e p o r t e d v a l u e s t h a t exceeded J o h a n s e n ' s by 16 p e r c e n t . 
For a d e g r e e of o r t h o t r o p y of 0 . 2 5 , Lenschow and S o z e n ' s v a l u e s were 
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3 p e r c e n t g r e a t e r t h a n t h o s e of J o h a n s e n ' s c r i t e r i o n ; N i e l s e n ' s were 
21 p e r c e n t be low- N i e l s e n ' s c r i t e r i o n p r e d i c t s t h e low v a l u e s t h a t 
o c c u r r e d i n h i s t e s t s , b u t i t d o e s n o t e x p l a i n why s i m i l a r low v a l u e s 
d i d n o t o c c u r i n Lenschow and S o z e n ' s t e s t s . With r e g a r d t o Baus and 
T o l a c c i a ' s h i g h e r v a l u e s , n o t h i n g more can be added t o t h e comments 
a l r e a d y made i n t h e p r e v i o u s p a r a g r a p h . I t i s w or th n o t i n g , however , 
t h a t b o t h Baus and T o l a c c i a ' s h i g h v a l u e s and N i e l s e n ' s low v a l u e s 
o c c u r r e d on t e s t spec imens t h a t were s u r r o u n d e d w i t h a band of h e a v i e r 
r e i n f o r c e m e n t . 
Baus and T o l a c c i a , Lenschow and S o z e n , M. W. K w i e c i n s k i and 
P . LenJcei c o n d u c t e d t e s t s i n which u n i a x i a l moments were a p p l i e d t o 
s imp ly r e i n f o r c e d t e s t s p e c i m e n s . Al l o f t h e i n v e s t i g a t o r s changed 
t h e a n g l e s be tween t h e a p p l i e d moment and t h e r e i n f o r c i n g b a r s . Lenschow 
and Sozen and P . Lenkei a l s o changed t h e d e g r e e o f o r t h o t r o p y i n t h e i r 
r e i n f o r c e m e n t , b u t Baus and T o l a c c i a and M. W. Kwiec in sk i d i d n o t . 
Both Lenschow and S o z e n ' s r e s u l t s and Baus and T o l a c c i a ' s r e s u l t s 
w e r e w i t h i n a v a r i a t i o n of 5 p e r c e n t a b o v e and 5 p e r c e n t below t h e 
v a l u e s o f J o h a n s e n ' s c r i t e r i o n . K w i e c i n s k i ' s r e s u l t s were e q u a l t o 
o r g r e a t e r t h a n J o h a n s e n ' s v a l u e s w i t h t h e l a r g e s t v a l u e b e i n g 1 8 . 8 
p e r c e n t a b o v e . L e n k e i ' s v a l u e s v a r i e d from 5 p e r c e n t above t o 16 p e r ­
c e n t be low ( e x c l u d i n g some t e s t s on spec imens u s i n g l i g h t w e i g h t a g g r e ­
g a t e whose v a l u e s went t o 21 p e r c e n t b e l o w ) . 
L e n k e i ' s l o w e s t v a l u e s o c c u r r e d d u r i n g t e s t s on s l a b s hav ing a 
d e g r e e of o r t h o t r o p y of 0 . 4 5 and w i t h an a n g l e o f 45 d e g r e e s be tween 
t h e y i e l d - l i n e and each r e i n f o r c i n g b a r d i r e c t i o n , y e t Lenschow and 
Sozen r e p o r t e d a v a l u e ( a l s o t h e i r l o w e s t v a l u e ) o n l y 3 p e r c e n t below 
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J o h a n s e n ' s c r i t e r i o n f o r a s l a b h a v i n g a d e g r e e of o r t h o t r o p y of 0 . 5 
and w i t h a n g l e s of 40 and 50 d e g r e e s be tween t h e y i e l d - l i n e and t h e 
r e s p e c t i v e r e i n f o r c i n g b a r d i r e c t i o n s . Lenke i a t t r i b u t e s h i s lower 
v a l u e s t o t h e e x i s t e n c e of a t w i s t i n g moment i n t h e y i e l d - l i n e , b u t 
Lenschow and S o z e n ' s s l a b s a l s o had t w i s t i n g moments i n t h e y i e l d - l i n e 
and no such low v a l u e s o c c u r r e d . 
K w i e c i n s k i ' s l a r g e s t v a l u e o c c u r r e d on a s l a b w i t h an a n g l e of 
45 d e g r e e s be tween t h e y i e l d - l i n e and e a c h r e i n f o r c i n g b a r d i r e c t i o n ; 
t h e s l a b was i s o t r o p i c a l l y r e i n f o r c e d . He a t t r i b u t e s t h e h i g h e r v a l u e 
t o t h e e f f e c t of k i n k i n g i n t h e r e i n f o r c e m e n t , b u t Lenschow and Sozen 
a l s o t e s t e d a s l a b w i t h i s o t r o p i c r e i n f o r c e m e n t and s t e e l a t 45 d e g r e e s 
t o t h e y i e l d - l i n e and no such i n c r e a s e o c c u r r e d . I t i s a l s o i n t e r e s t ­
i ng t o n o t e t h a t Baus and T o l a c c i a , who a t t r i b u t e d i n c r e a s e s i n some 
of t h e i r o t h e r t e s t s t o t h e " k i n k i n g " phenomenon, o b s e r v e d no i n c r e a s e 
i n t h e i r t e s t s of t h i s t y p e . 
Summary 
Some e x p e r i m e n t a l r e s u l t s s u p p o r t e a c h of t h e c u r r e n t y i e l d 
c r i t e r i a , b u t none of t h e c u r r e n t y i e l d c r i t e r i a i s a b l e t o p r e d i c t 
a l l of t h e r e p o r t e d e x p e r i m e n t a l r e s u l t s . 
The r e p o r t e d e x p e r i m e n t a l r e s u l t s c o n t a i n s e v e r a l p a r a d o x e s . 
The c r i t e r i o n of K. W. J o h a n s e n c u r r e n t l y r e c e i v e s t h e w i d e s t 
p r a c t i c a l u s e , and u n t i l t h e e x p e r i m e n t a l r e s u l t s r e p o r t e d by N i e l s e n 
and t h o s e r e p o r t e d by L e n k e i , i t seemed t o be a c o n s e r v a t i v e c r i t e r i o n , 
i . e . , t h e a b s o l u t e v a l u e of t h e p r e d i c t e d r e s u l t b e i n g e q u a l t o or 
l e s s t h a n t h e a b s o l u t e v a l u e of t h e e x p e r i m e n t a l r e s u l t . 
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CHAPTER I I I 
OBJECTIVE AND METHOD OF ATTACK 
S t a t e m e n t of O b j e c t i v e 
In f o r m u l a t i n g a y i e l d c r i t e r i o n f o r r e i n f o r c e d c o n c r e t e s l a b s , 
i t i s g e n e r a l l y t a k e n a s a x i o m a t i c t h a t a s s o c i a t e d w i t h each o r i e n t a t i o n 
of t h e y i e l d - l i n e t o t h e r e i n f o r c e m e n t t h e r e i s o n l y one v a l u e of p l a s ­
t i c b e n d i n g moment p e r u n i t l e n g t h of y i e l d - l i n e a c t i n g i n t h e p o s i t i v e 
d i r e c t i o n (and a l s o o n l y one v a l u e i n t h e n e g a t i v e d i r e c t i o n ) and t h a t 
t h e magn i tude of t h i s moment i s d e p e n d e n t o n l y upon t h e m a t e r i a l p r o p e r ­
t i e s and t h e i r a r r a n g e m e n t i n t h e c r o s s - s e c t i o n . When one compares t h e 
e x p e r i m e n t a l r e s u l t s r e p o r t e d i n t h e p r e v i o u s c h a p t e r , s e v e r a l examples 
a p p e a r which s u g g e s t t h e p o s s i b i l i t y t h a t t h i s axiom may n o t be v a l i d 
i n a l l c a s e s . The b e s t example o c c u r s when t h e r e s u l t s of Lenschow 
and S o z e n ' s t e s t s i n u n i a x i a l b e n d i n g a r e compared w i t h t h e r e s u l t s of 
L e n k e i ' s t e s t s . 
In each t e s t s e t - u p t h e s l a b was s u p p o r t e d a l o n g four p a r a l l e l 
l i n e s and a u n i a x i a l b e n d i n g moment was a p p l i e d t o t h e c e n t r a l p o r t i o n 
of t h e s l a b t h r o u g h t h e s e s u p p o r t s . In Lenschow and S o z e n ' s s e t - u p a l l 
f ou r s u p p o r t s were f r e e t o r o t a t e a b o u t an a x i s p e r p e n d i c u l a r t o t h e 
s u p p o r t l i n e s , w h i l e i n L e n k e i ' s t h e two i n t e r i o r s u p p o r t s were p r e ­
v e n t e d from r o t a t i n g abou t t h i s a x i s . C o n s e q u e n t l y , Lenschow and S o z e n ' s 
s e t - u p f o r c e d t h e p r i n c i p a l moment t o be p a r a l l e l t o t h e s u p p o r t l i n e 
w h i l e p e r m i t t i n g t h e y i e l d - l i n e t o form a t any a n g l e ; L e n k e i ' s s e t - u p 
f o r c e d t h e y i e l d - l i n e t o form p a r a l l e l t o t h e s u p p o r t l i n e s w h i l e 
p r o v i d i n g a r e a c t i v e s u p p o r t sys tem f o r a n y t o r s i o n a l m o m e n t s 
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t h a t migh t d e v e l o p i n t h e y i e l d - l i n e . I n e a c h ca se t h e e x p e r i m e n t a l 
i n f o r m a t i o n sough t was t h e magn i tude of t h e moment a l o n g a y i e l d l i n e ; 
t h i s i n f o r m a t i o n can be d e t e r m i n e d by u s i n g e i t h e r s e t - u p . The s l a b s 
were s i m p l y r e i n f o r c e d and t h e r a n g e of o r t h o t r o p y i n v e s t i g a t e d was 
a b o u t t h e same. I n b o t h s e t - u p s s l a b s w i t h i s o t r o p i c r e i n f o r c e m e n t 
were t e s t e d ; Lenschow and Sozen t e s t e d s l a b s w i t h a d e g r e e of o r t h o ­
t r o p y of 0 . 5 w h i l e Lenke i t e s t e d s l a b s w i t h d e g r e e s of o r t h o t r o p y of 
0 . 4 5 and 0 . 6 . Even t h e p e r c e n t a g e s of r e i n f o r c e m e n t d i d no t v a r y 
g r e a t l y ; Lenschow and S o z e n 1 s p e r c e n t a g e s v a r i e d be tween 1.0 and 0 . 4 
p e r c e n t , whe reas L e n k e i ' s v a r i e d be tween 0 . 9 and 0 . 2 p e r c e n t . 
C o n s i d e r i n g t h e s i m i l a r i t i e s i n t h e p r o p e r t i e s of t h e t e s t 
spec imens i n c o n j u n c t i o n w i t h t h e p o s i t i o n t h a t t h e moment i n a y i e l d -
l i n e h a s a un ique v a l u e which i s i n d e p e n d e n t of t h e bounda ry c o n d i ­
t i o n s , t h e t e s t r e s u l t s shou ld d i s p l a y s i m i l a r c h a r a c t e r i s t i c s . Yet 
when t h e y i e l d - l i n e moment v a l u e s computed by J o h a n s e n ' s c r i t e r i o n a r e 
compared t o t h e measured y i e l d - l i n e moment v a l u e s w i t h i n each g roup of 
t e s t s , L e n k e i ' s r e s u l t s d i s p l a y an e n t i r e l y d i f f e r e n t t r e n d t h a n 
Lenschow and S o z e n ' s r e s u l t s . L e n k e i ' s r e s u l t s show t h a t t h e measured 
moment becomes s m a l l e r a s t h e d e g r e e of o r t h o t r o p y becomes s m a l l e r ( i . e . 
moves f u r t h e r from t h e i s o t r o p i c c a s e ) , t h e l o w e s t v a l u e s b e i n g 87 p e r ­
c e n t of J o h a n s e n ' s fo r a d e g r e e of o r t h o t r o p y of 0 . 6 and 84 p e r c e n t of 
J o h a n s e n ' s f o r a d e g r e e of o r t h o t r o p y of 0 . 4 5 . I n t e s t s hav ing a 
d e g r e e of o r t h o t r o p y of 0 . 5 , Lenschov. and S o z e n ' s r e s u l t s show no such 
comparab le d e c r e a s e , t h e i r l o w e s t v a l u e b e i n g 97 p e r c e n t of J o h a n s e n ' s . 
I t would a p p e a r t h e n , a t l e a s t on t h e b a s i s of t h e s e r e s u l t s , 
t h a t t h e moment i n a y i e l d l i n e i s d e p e n d e n t no t o n l y upon t h e m a t e r i a l 
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p r o p e r t i e s and t h e i r a r r a n g e m e n t i n t h e c r o s s - s e c t i o n b u t a l s o upon t h e 
bounda ry c o n d i t i o n s . I t i s t h e o b j e c t i v e of t h i s d i s s e r t a t i o n t o o f f e r 
a r a t i o n a l e x p l a n a t i o n f o r t h e d i f f e r e n c e i n b e h a v i o r be tween t h e s e 
two g r o u p s of t e s t s . 
Method of A t t a c k 
S i n c e t h e d i f f e r e n c e be tween t h e two t e s t s e t - u p s was i n t h e 
b o u n d a r y c o n d i t i o n s and s i n c e t h e measured y i e l d moment was a p p a r e n t l y 
a f f e c t e d by t h i s d i f f e r e n c e , an e x p l a n a t i o n of t h e s e r e s u l t s w i l l 
r e q u i r e a model t h a t i s a b l e t o d e s c r i b e t h e m o m e n t - c u r v a t u r e r e l a ­
t i o n s h i p f o r a l l v a l u e s up t o and i n c l u d i n g t h e p l a s t i c moment and 
t h a t i s a b l e t o i n c l u d e t h e e f f e c t of t h e bounda ry c o n d i t i o n s . 
In t h e I n t r o d u c t i o n a y i e l d c r i t e r i o n was d e s c r i b e d a s a m a t h e ­
m a t i c a l f u n c t i o n t h a t d e f i n e s t h e o n s e t of t h e p l a s t i c r e g i o n . I t i s 
assumed t h a t t h e o n s e t o c c u r s a b r u p t l y enough t o be i d e n t i f i e d w i t h a 
p a r t i c u l a r s t a t e of g e n e r a l i z e d s t r e s s . The n a t u r e of t h e p r e - p l a s t i c 
r e g i o n i s d e p e n d e n t upon t h e m a t e r i a l b e i n g d e s c r i b e d . For a t l e a s t a 
p o r t i o n of t h e p r e - p l a s t i c r e g i o n , t h e s t r e s s - s t r a i n r e l a t i o n s h i p s of 
b o t h c o n c r e t e and s t e e l can be a d e q u a t e l y r e p r e s e n t e d by l i n e a r f u n c ­
t i o n s . As long a s t h e f u n c t i o n s a r e l i n e a r , o r t h o t r o p i c p l a t e t h e o r y 
p r o v i d e s a p o s s i b l e model fo r t h a t p o r t i o n of t h e p r e - p l a s t i c r e g i o n ; 
i n f a c t , M. T. Huber h a s a l r e a d y a p p l i e d t h i s t h e o r y t o r e i n f o r c e d 
c o n c r e t e s l a b s . C o n s e q u e n t l y , t h e a p p l i c a t i o n of o r t h o t r o p i c p l a t e 
t h e o r y t o t h e p a r t i c u l a r c a s e of L e n k e i ' s t e s t s e t - u p s e r v e s a s t h e 
See S . Timoshenko and S . Woinowsky-Kr ieger ( 2 0 ) , p . 366 . 
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s t a r t i n g p o i n t fo r t h i s s t u d y . The n e x t s t e p w i l l be d e p e n d e n t upon 
t h e r e s u l t s of t h i s f i r s t s t e p , and each s u c c e e d i n g s t e p w i l l be 
d e p e n d e n t upon t h e p r e v i o u s s t e p . 
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CHAPTER IV 
ORTHOTROPIC PLATE THEORY AND REINFORCED CONCRETE SLABS 
An o r t h o t r o p i c m a t e r i a l i s an a n i s o t r o p i c m a t e r i a l h a v i n g t h r e e 
p l a n e s of symmetry w i t h r e s p e c t t o i t s e l a s t i c p r o p e r t i e s . L e t t i n g 
t h e s e p l a n e s c o i n c i d e w i t h t h e c o o r d i n a t e a x e s of an x-y c o o r d i n a t e 
sys t em, t h e r e l a t i o n s be tween t h e s t r e s s and t h e s t r a i n components have 
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The s t r a i n a t any p o i n t on a s l a b c r o s s - s e c t i o n h a v i n g an e x t e r i o r 
normal i n a c o o r d i n a t e d i r e c t i o n i s r e l a t e d t o t h e s l a b ' s b e h a v i o r 
by K i r c h o f f ' s a s s u m p t i o n s 
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where w i s a f u n c t i o n of x and y , e x p r e s s e d n o t a t i o n a l l y a s w ( x , y ) , 
t h a t d e s c r i b e s t h e d e f l e c t i o n of t h e s l a b i n t h e z - d i r e c t i o n a t any 
p o i n t ( x , y ) . S u b s t i t u t i n g K i r c h o f f s r e l a t i o n s i n t o e q u a t i o n s (2b) 
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The e x p r e s s i o n s fo r bend ing and t o r s i o n a l moments on a c r o s s -
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S u b s t i t u t i o n of e q u a t i o n s (30) i n t o e q u a t i o n s (31) p e r m i t s t h e e x p r e s ­
s i o n of t h e bend ing and t o r s i o n a l moments i n t e r m s of t h e s l a b ' s t h i c k ' 
n e s s , of t h e m a t e r i a l ' s p r o p e r t i e s and of t h e c u r v a t u r e s and t w i s t s of 
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) 0 2 E 3 3 j z 2 d z 
8 2 w / 8 x 2 
9 2 w / a y 2 
3 w/6xdy 
(32) 
S i n c e t h e m a t e r i a l p l a n e s of symmetry and t h e c o o r d i n a t e a x e s of 
a p a r t i c u l a r p rob lem s t a t e m e n t need n o t c o i n c i d e , c o n v e r t t h e moment 
e x p r e s s i o n s i n t h e x-y sys tem t o t h e i r e q u i v a l e n t s i n an n - t sys tem 
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. 2 s i n a 
2 
cos a 
s i n 2a s i n 2a 
s i n 2a 








and t h e c o o r d i n a t e t r a n s f o r m a t i o n i s 
cos a s i n a 
- s i n a cos a 
(34) 
The p a r t i a l d e r i v a t i v e s a r e t r a n s f o r m e d by r e p e a t e d a p p l i c a t i o n of t h e 
" c h a i n r u l e " fo r d i f f e r e n t i a t i o n a s f o l l o w s 
a2* 
» 2 







at at ax ax 
an an at &t 
ay 3y ay 3y 
2 an at ax ax 
o an ai ay ay 
9n 9n at £t 8n at t Qn Qt 
ax ay ax ay ax ay ay ax 




a w anat 
(35) 
P e r f o r m i n g , on e q u a t i o n s ( 3 4 ) , t h e p a r t i a l d i f f e r e n t i a t i o n o p e r a t i o n s 
i n d i c a t e d i n each e l e m e n t of t h e m a t r i x i n e q u a t i o n s (35) and r e p l a c i n g 
each e l e m e n t w i t h t h e r e s u l t s of t h e o p e r a t i o n s g i v e s 
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which i s t h e same t r a n s f o r m a t i o n m a t r i x a s t h e one r e q u i r e d f o r 
moments. 
N o w , s u b s t i t u t i o n of e q u a t i o n s (36) i n t o e q u a t i o n s (32) and t h e n 
s u b s t i t u t i o n of t h e s e i n t o e q u a t i o n s (33) p e r m i t s t h e e x p r e s s i o n of 
t h e b e n d i n g and t o r s i o n a l moments i n an n - t c o o r d i n a t e sys tem i n t e r m s 
of t h e c u r v a t u r e s , t h e t w i s t s and t h e a n g l e be tween t h e n - t a x e s and t h e 
symmetry a x e s of t h e m a t e r i a l . In o r d e r t o e x p r e s s t h i s i n a more com­
p a c t form, l e t t h e m a t r i x of e q u a t i o n s (32 ) be r e p r e s e n t e d by t h e symbol 
[E] and t h e m a t r i x of e q u a t i o n s (33 ) and (36) by [ T ] . Us ing t h i s n o t a ­





= [ T l [ E ] [ T ] 
A w /AN 
A 2 w / A T 2 
A w /ANAT 
(37) 
o r , i n s t i l l more compact form 
M 
N N 
8 2 w / 8 n 2 
" T T 
= [Al S 2 « / A T 2 (38) 
>_ A w /ANAT 
where [ A ] = [ T ] [ E ] [ T ] . 
The d i f f e r e n t i a l e q u a t i o n s of e q u i l i b r i u m must a l s o be s a t i s ­
f i e d ; t h e s e a r e 
J3 
- f + q ( n , t ) = 0 
3n Qt 
Q n z = 9 M n n / 9 n * 9 M n t / 9 t ( 3 9 ) 
Q t z = 8 M t t / a t - 8 « n t / a n 
where q ( n , t ) = a p p l i e d l o a d p e r u n i t a r e a a c t i n g in t h e 
z - d i r e c t i o n 
Q = z - d i r e c t i o n s h e a r f o r c e p e r u n i t w i d t h on n JZ 
a c r o s s - s e c t i o n hav ing an e x t e r i o r normal 
i n t h e n - d i r e c t i o n 
= z - d i r e c t i o n s h e a r f o r c e p e r u n i t w i d t h on 
a c r o s s - s e c t i o n hav ing an e x t e r i o r normal 
i n t h e t - d i r e c t i o n 
The f i r s t of e q u a t i o n s (39) i s u s u a l l y r e p l a c e d by an e q u i v a l e n t e q u a ­
t i o n o b t a i n e d by d i f f e r e n t i a t i o n and s u b s t i t u t i o n of t h e l a s t two equa­
t i o n s i n t o t h e f i r s t , which r e s u l t s i n t h e we l l -known e x p r e s s i o n 
^ + ^ - 2 ^ = - q ( n , t ) - ( 4 0 ) 
An g t 
I t i s a l s o i m p l i e d i n t h i s deve lopmen t t h a t M t i s e q u a l t o -M t and 
t h a t t h e r e s u l t a n t f o r c e p e r u n i t w i d t h of c r o s s - s e c t i o n i s e q u a l t o 
z e r o i n t h e n - d i r e c t i o n and i n t h e t - d i r e c t i o n . 
A p p l i c a t i o n of O r t h o t r o p i c P l a t e T h e o r y t o L e n k e i ' s T e s t S e t - U p 
L e n k e i ' s t e s t s e t - u p i s e q u i v a l e n t t o t h e c a s e of a r e c t a n g u l a r 
s l a b h a v i n g a l o n g two o p p o s i t e e d g e s a c o n t i n u o u s s i m p l e s u p p o r t o f f e r ­
ing no r e s i s t a n c e t o t r a n s l a t i o n p a r a l l e l t o t h e n - t p l a n e , h a v i n g no 
s u p p o r t a l o n g t h e o t h e r two edges and h a v i n g a un i fo rm bend ing moment 
a p p l i e d a long t h e s u p p o r t e d e d g e s . A p l a n view of t h i s c a s e , showing 
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t h e x-y and t h e n - t c o o r d i n a t e s y s t e m s and t h e r e s u l t a n t s of t h e un i fo rm 
bend ing moment, i s d e p i c t e d i n F i g u r e 6 . 
The boundary c o n d i t i o n s a l o n g t h e s imp ly s u p p o r t e d e d g e s c o n s i s t 
of a c o n s t a n t bend ing moment p e r u n i t l e n g t h of edge and z e r o d e f l e c t i o n 
of t h e edge i n t h e z - d i r e c t i o n , e x p r e s s e d n o t a t i o n a l l y a s f o l l o w s 
M ( 0 , t ) = M ( L , t ) = M (41) nn ' nn ' 
w ( 0 , t ) = w ( L , t ) = 0 
where M i s t h e v a l u e of t h e u n i f o r m l y a p p l i e d moment. F o l l o w i n g 
c l a s s i c a l t h i n p l a t e t h e o r y , * t h e bounda ry c o n d i t i o n s a l o n g t h e f r e e 
edges a r e 
M t t ( n , 0 ) = M t t ( n , W ) = 0 (42) 
6M 
Q^n.O) - -gf ( n , 0 ) = 0 
3M 
Q t z ( n , W ) - - g f (n,W) = 0 . 
For t h i s c a s e of l o a d i n g , e q u a t i o n (40) becomes 
2 2 2. 
3 2 n 9 2 t 9 n 9 t 
A f t e r p e r f o r m i n g , on e q u a t i o n s ( 3 8 ) , t h e d i f f e r e n t i a t i o n s i n d i c a t e d 
i n e q u a t i o n (43) and s u b s t i t u t i n g t h e r e s u l t s back i n t o e q u a t i o n ( 4 3 ) , 
t h e f o l l o w i n g form r e s u l t s 
See S . Timoshenko and S . Woinowsky-Kr ieger ( 2 0 ) , p p . 8 3 - 8 6 . 
35 
4 4 4 4 4 
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a n z a n a t J a n ^ a t " 1 a n a t * 3 a t 
w h e r e t h e a . ' s a r e l i n e a r f u n c t i o n s o f t h e e l e m e n t s i n m a t r i x [ A ] o f 
I 
e q u a t i o n s ( 3 8 ) . 
Now c o n s i d e r t h e f o l l o w i n g e x p r e s s i o n f o r t h e d e f l e c t i o n 
w ( n , t ) = ( n 2 - n L ) ( 4 5 ) 
^ a l l 
w h e r e a ^ i s t h e f i r s t e l e m e n t i n m a t r i x [ A ~ j . T h i s e x p r e s s i o n w i l l 
s a t i s f y t h e e q u i l i b r i u m c o n d i t i o n - e q u a t i o n ( 4 4 ) - a n d t h e b o u n d a r y 
c o n d i t i o n s - e q u a t i o n s ( 4 1 ) a n d ( 4 2 ) - w i t h t h e e x c e p t i o n o f t h e f i r s t 
r o w o f e q u a t i o n s ( 4 2 ) . I f t h e s l a b i s s u f f i c i e n t l y w i d e , t h e s t r a i n s 
w i l l a p p r o a c h t h o s e d e t e r m i n e d b y u s i n g e q u a t i o n ( 4 5 ) ; * t h u s t h e f a c t 
t h a t t h e f i r s t r o w o f e q u a t i o n s ( 4 2 ) i s n o t s a t i s f i e d c a n be c i r c u m v e n t e d . 
T h a t e q u a t i o n ( 4 5 ) r e p r e s e n t s an a d e q u a t e s o l u t i o n i s t h e v i e w p o i n t 
a d o p t e d h e r e i n . 
I n c o n s i s t e n c y B e t w e e n t h e O r t h o t r o p i c P l a t e S o l u t i o n a n d t h e 
B e h a v i o r o f a S i m p l y R e i n f o r c e d C o n c r e t e S l a b i n t h e 
N e i g h b o r h o o d o f a C r a c k - L i n e 
I n o r d e r t o s i m p l i f y t h e p r e s e n t a t i o n , o n l y a s i n g l e l a y e r o f 
t e n s i l e r e i n f o r c e m e n t w i l l b e d i s c u s s e d i n i t i a l l y ; t h e e f f e c t o f t h e 
a d d i t i o n a l l a y e r o f t e n s i l e r e i n f o r c e m e n t w i l l be c o n s i d e r e d l a t e r . 
C o n s i d e r t h e p a r t i c u l a r c a s e o f t h e p r e v i o u s s e c t i o n w h e n t h e 
s l a b i s c o m p o s e d o f r e i n f o r c e d c o n c r e t e and i s i n t h e c r a c k e d s t a t e . 
L e t t h e o r i e n t a t i o n , s p a c i n g a n d s i z e o f t h e b a r i n t h e s i n g l e l a y e r 
See S . T i m o s h e n k o a n d S . W o i n o w s k y - K r i e g e r ( 2 0 ) , p . 4 . 
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o f r e i n f o r c e m e n t be t h e same t h r o u g h o u t t h e s l a b . A p l a n v i e w o f t h e 
s l a b g i v i n g r e f e r e n c e c o o r d i n a t e s y s t e m s a n d s h o w i n g , i n d a s h e d l i n e s , 
t h e p a t t e r n o f t h e r e i n f o r c e m e n t i s d e p i c t e d i n F i g u r e 7 . A l s o shown 
i n F i g u r e 7 , d e p i c t e d a s a s h a d e d a r e a , i s a t y p i c a l s e g m e n t o f s l a b 
w h i c h w i l l b e e x t r a c t e d f o r m o r e d e t a i l e d c o n s i d e r a t i o n . T h e s e g m e n t 
i s r e f e r r e d t o a s t y p i c a l b e c a u s e i t i s t h e s m a l l e s t r e p e a t i n g s u b d i v i ­
s i o n o f a c r o s s - s e c t i o n t a k e n p a r a l l e l t o t h e s u p p o r t e d e d g e s , i . e . 
p a r a l l e l t o t h e t - a x i s . S i n c e t h e s o l u t i o n , e q u a t i o n ( 4 5 ) , f r o m o r t h o ­
t r o p i c p l a t e t h e o r y i s i n d e p e n d e n t o f t , e a c h o f t h e s e t y p i c a l s e g m e n t s 
w i l l b e s u b j e c t e d t o t h e same c o n d i t i o n s ; t h e r e f o r e w h a t h o l d s f o r o n e 
s u c h s e g m e n t h o l d s f o r a l l a n d o n l y o n e n e e d s t o b e c o n s i d e r e d . 
R e m e m b e r i n g t h a t t h e c r i t i c a l c r o s s - s e c t i o n i s o n e t h a t c o i n c i d e s 
w i t h a c r a c k , t h e t y p i c a l c r o s s - s e c t i o n i s c h o s e n so t h a t i t c o n t a i n s 
a c r a c k - l i n e . I t i s a s s u m e d t h a t t h e c r a c k - l i n e w i l l o c c u r p a r a l l e l 
t o t h e s u p p o r t e d e d g e s , w h i c h i s r e a s o n a b l e s i n c e s u c h l i n e s a r e a l s o 
l i n e s o f p r i n c i p a l c u r v a t u r e i n t h e o r t h o t r o p i c p l a t e s o l u t i o n ; f u r t h e r ­
m o r e , t h e p h y s i c a l v a l i d i t y o f t h e a s s u m p t i o n c a n be d e m o n s t r a t e d b y 
a c t u a l t e s t . 
I n a p p l y i n g o r t h o t r o p i c p l a t e t h e o r y t o a r e i n f o r c e d c o n c r e t e 
s l a b , r e i n f o r c e d c o n c r e t e i s c o n s i d e r e d t o h a v e an e q u i v a l e n t r e p r e s e n ­
t a t i o n i n t e r m s o f o r t h o t r o p i c m a t e r i a l . One c o n c e p t o f s u c h a n 
e q u i v a l e n t r e p r e s e n t a t i o n i s a c o m b i n a t i o n o f t w o o r t h o t r o p i c m a t e r i a l s , 
o n e f o r t h e c o n c r e t e a n d o n e f o r t h e s t e e l , h a v i n g c o i n c i d i n g d i r e c t i o n s 
o f s y m m e t r y a x e s a n d h a v i n g t h e same f l e x u r a l p r o p e r t i e s o n c r o s s - s e c ­
t i o n s n o r m a l t o t h e s y m m e t r y a x e s a s r e i n f o r c e d c o n c r e t e h a s o n c r o s s -
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s e c t i o n s normal t o t h e r e i n f o r c e m e n t d i r e c t i o n s . F i g u r e s 8a and 8b show 
two d i f f e r e n t e n l a r g e d p e r s p e c t i v e v iews of t h e t y p i c a l segment shown 
a s a shaded a r e a i n t h e p l a n view of F i g u r e / ; F i g u r e 8a d e p i c t s a s e g ­
ment composed of t h e two o r t h o t r o p i c m a t e r i a l s and F i g u r e 8b d e p i c t s a 
segment composed of t h e r e i n f o r c e d c o n c r e t e . Both segments a r e d e p i c t e d 
i n a c c o r d a n c e w i t h t h e p r i n c i p a l s t r a i n s i n d i c a t e d by t h e o r t h o t r o p i c 
p l a t e s o l u t i o n , i . e . 
e 
nn 
~ M / a u " 
e« = z 0 
0 
( 4 6 ) 
S i n c e t h e c r i t i c a l c r o s s - s e c t i o n l i e s i n t h e c r a c k - l i n e , no f o r c e s a r e 
shown i n F i g u r e s 8a and 8 b . 
F i g u r e s 8c and 8d show t h e r e s u l t a n t f o r c e sys t ems t h a t o c c u r 
on t h e r e s p e c t i v e c r o s s - s e c t i o n s t h r o u g h t h e c rack a s a r e s u l t of t h e 
p r i n c i p a l s t r a i n s p r e s c r i b e d i n e q u a t i o n s ( 4 6 ) . Accord ing t o o r t h o ­
t r o p i c p l a t e t h e o r y , t h e two o r t h o t r o p i c m a t e r i a l s i n F i g u r e 8c have 
f o r c e components normal t o and p a r a l l e l t o t h e c r o s s - s e c t i o n which form 
a p a i r of f o r c e c o u p l e s - t h e bend ing and t w i s t i n g moments on t h e c r o s s -
s e c t i o n . I n F i g u r e 8d, t h e s t e e l b a r of t h e r e i n f o r c e d c o n c r e t e segment 
ha s a r e s u l t a n t f o r c e sys tem s i m i l a r t o i t s c o r r e s p o n d i n g o r t h o t r o p i c 
m a t e r i a l ( f o r c e components normal t o and p a r a l l e l t o t h e c r o s s - s e c t i o n ) 
b u t t h e c o n c r e t e , b e i n g an i s o t r o p i c m a t e r i a l i n a s t a t e of p r i n c i p a l 
s t r a i n , h a s o n l y a f o r c e component normal t o t h e c r o s s - s e c t i o n . S i n c e 
t h e s u p p o r t s p r o v i d e no r e a c t i v e f o r c e s p a r a l l e l t o t h e n - t p l a n e , t h e 
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r e i n f o r c e d c o n c r e t e s l a b i s no t i n e q u i l i b r i u m when t h e s t r a i n s i n d i ­
c a t e d by t h e o r t h o t r o p i c p l a t e s o l u t i o n e x i s t i n t h e s l a b . 
I t h a s been s u g g e s t e d by Wood (17) t h a t t h e f o r c e i n t h e b a r 
cou ld become normal t o t h e c r o s s - s e c t i o n t h r o u g h " k i n k i n g , " s i n c e i t 
must k ink t o some d e g r e e i n o r d e r t o s a t i s f y c o m p a t i b i l i t y r e q u i r e m e n t s 
a s t h e c r a c k o p e n s . I f Wood's s u g g e s t i o n i s c o r r e c t , t h e r e i n f o r c e d 
c o n c r e t e s l a b cou ld be i n e q u i l i b r i u m when t h e s t r a i n s i n d i c a t e d by t h e 
o r t h o t r o p i c p l a t e s o l u t i o n e x i s t i n t h e s l a b , s i n c e t h e b a r f o r c e com­
p o n e n t p a r a l l e l t o t h e c r o s s - s e c t i o n would be z e r o . Wood's s u g g e s t i o n 
was t e s t e d e x p e r i m e n t a l l y by Dempsey and Howel l* a t t h e G e o r g i a I n s t i t u t e 
of T e c h n o l o g y . They r a n s i m p l e t e n s i o n t e s t s up t o r u p t u r e on r e i n f o r ­
c ing b a r s embedded i n a p r e - c r a c k e d b l o c k of c o n c r e t e . The t e n s i o n 
f o r c e was a p p l i e d normal t o t h e c r a c k , t h e r e i n f o r c i n g b a r s were embedded 
a t v a r i o u s a n g l e s t o t h e c r a c k and t h e two h a l v e s of t h e c o n c r e t e b l o c k 
were p r e v e n t e d from t r a n s l a t i n g r e l a t i v e t o one a n o t h e r a long t h e c r a c k 
a s t h e t e n s i o n f o r c e was a p p l i e d . By measuring t h e applied tension 
f o r c e and t h e f o r c e s r e q u i r e d t o p r e v e n t t r a n s l a t i o n , t h e b a r f o r c e 
components p e r p e n d i c u l a r and p a r a l l e l t o t h e c r a c k cou ld be computed from 
t h e e q u a t i o n s of e q u i l i b r i u m . Only when t h e b a r was normal t o t h e c r a c k 
d i d t h e f o r c e component p a r a l l e l t o t h e c r a c k have a v a l u e of z e r o p r i o r 
t o r u p t u r e of t h e b a r . 
I t f o l l o w s , t h e n , t h a t t h e s t r a i n c o n d i t i o n s i n d i c a t e d by t h e 
o r t h o t r o p i c p l a t e s o l u t i o n l e a d t o a v i o l a t i o n of e q u i l i b r i u m i n t h e 
r e i n f o r c e d c o n c r e t e s l a b e x c e p t for t h e ca se when t h e r e i n f o r c i n g b a r 
W. J . Dempsey and H. W. Howell a r e g r a d u a t e s t u d e n t s a t G e o r g i a 
I n s t i t u t e of T e c h n o l o g y . The t e s t s were conduc t ed i n p a r t i a l f u l f i l l ­
ment of t h e r e q u i r e m e n t s for t h e d e g r e e of Mas te r of S c i e n c e i n C i v i l 
E n g i n e e r i n g . 
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i s normal t o t h e c r a c k . 
T h i s m o d i f i c a t i o n p e r m i t s t h e s h e a r i n g s t r a i n i n t h e c o n c r e t e t o have 
I f a n o t h e r l a y e r of t e n s i l e r e i n f o r c e m e n t i s added a t r i g h t 
a n g l e s t o t h e o r i g i n a l l a y e r , t h e f o r c e components normal t o and 
p a r a l l e l t o t h e c r a c k r e s u l t from t h e a l g e b r a i c sum of t h e components 
i n e a c h l a y e r . S i n c e i n each l a y e r t h e components p a r a l l e l t o t h e 
c r a c k a r e o p p o s i t e l y d i r e c t e d , t h e magn i tude of t h e u n b a l a n c e d f o r c e 
p a r a l l e l t o t h e c r a c k i s r e d u c e d by add ing a n o t h e r l a y e r , and fo r c e r ­
t a i n d i s t r i b u t i o n s of r e i n f o r c e m e n t t h e u n b a l a n c e w i l l be r e d u c e d t o 
z e r o . With t h e e x c e p t i o n , t h e n , of t h o s e d i s t r i b u t i o n s of r e i n f o r c e ­
ment i n which a z e r o v a l u e f o r t h e f o r c e component p a r a l l e l t o t h e 
c r a c k o c c u r s , t h e c o n c l u s i o n s r e a c h e d fo r a s i n g l e l a y e r a r e v a l i d fo r 
two l a y e r s a t r i g h t a n g l e s . 
A M o d i f i c a t i o n of K i r c h o f f ' s Assumpt ions 
I f t h e s o l u t i o n of o r t h o t r o p i c p l a t e t h e o r y i s t o be a p p l i c a b l e 
t o t h e r e i n f o r c e d c o n c r e t e s l a b w i t h o u t v i o l a t i n g e q u i l i b r i u m , a f o r c e 
component p a r a l l e l t o t h e c r a c k must o c c u r i n t h e c o n c r e t e w i t h o u t t h e 
o c c u r r e n c e of any t w i s t i n g , i . e . t h e v a l u e of 9 w/5nQt must be z e r o . 
P h y s i c a l l y , t h i s means t h a t t h e c o n c r e t e on one s i d e of t h e c r a c k must 
undergo a t r a n s l a t i o n a l o n g t h e t - a x i s w i t h r e s p e c t t o t h e c o n c r e t e on 
t h e o t h e r s i d e of t h e c r ack ( s e e F i g u r e 9 ) . In t e r m s of p l a t e t h e o r y 
t h i s r e s u l t s i n a m o d i f i c a t i o n of K i r c h o f f s a s s u m p t i o n s - t h e a d d i t i o n 
of a t e rm i n t h e e x p r e s s i o n for s h e a r i n g s t r a i n a s f o l l o w s 
Y n t = 2 z ( a 2 w / 9 n 3 t ) + k n t . (47) 
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a n o n - z e r o v a l u e w h i l e 3 w/Qndt has a z e r o v a l u e . 
E x t e n s i o n t o More G e n e r a l C o n s i d e r a t i o n s 
C o n s i d e r L e n k e i ' s t e s t s e t - u p i f , i n s t e a d of l y i n g i n a p l a n e 
p a r a l l e l t o t h e n - t p l a n e , t h e s u p p o r t s a r e assumed t o have an i n i t i a l 
r o t a t i o n r e l a t i v e t o one a n o t h e r a b o u t an a x i s p a r a l l e l t o t h e n - a x i s . 
The t w i s t (3 w/3n3t) must now have a n o n - z e r o v a l u e i n o r d e r t o s a t i s f y 
t h e boundary c o n d i t i o n s . S e v e r a l t h i n g s a b o u t t h e y i e l d s t a t e a l o n g a 
c r a c k - l i n e can be i n f e r r e d from t h i s c o n s i d e r a t i o n and from t h e mod i ­
f i c a t i o n of K i r c h o f f s a s s u m p t i o n s . 
T h a t a y i e l d - l i n e i s a l i n e of p r i n c i p a l c u r v a t u r e i s a com­
monly a c c e p t e d v i e w . The i n t r o d u c t i o n of an i n i t i a l t w i s t i n t o t h e 
s u p p o r t s of L e n k e i ' s t e s t s e t - u p s u g g e s t s t h a t t h i s i s no t n e c e s s a r i l y 
t r u e . The k i n e m a t i c s of t h e t e s t s e t - u p f o r c e s t h e y i e l d - l i n e t o form 
p a r a l l e l t o t h e s u p p o r t s , b u t t h e i n i t i a l t w i s t p r e v e n t s t h e c u r v a t u r e 
from b e i n g a p r i n c i p a l o n e . 
The p o s s i b i l i t y of t w i s t i n g a long a y i e l d - l i n e s u g g e s t s t h a t 
more t h a n one m a g n i t u d e of y i e l d moment can be a s s o c i a t e d w i t h a p a r ­
t i c u l a r y i e l d - l i n e . Having on ly one m a g n i t u d e of y i e l d moment a s s o c i a t e d 
w i t h a p a r t i c u l a r y i e l d - l i n e would r e q u i r e t h a t t h e y i e l d moment be 
i n d e p e n d e n t of t h e amount of i n i t i a l t w i s t i n t h e s u p p o r t s , which seems 
r a t h e r u n l i k e l y . 
The e x i s t e n c e of a s h e a r i n g s t r a i n a t t h e n e u t r a l a x i s , r e s u l t i n g 
from t h e mod i f i ed K i r c h o f f s a s s u m p t i o n s , s u g g e s t s t h a t fo r some c a s e s 
t h e t e n s i l e , n o t t h e c o m p r e s s i v e , s t r e n g t h of t h e c o n c r e t e c o n t r o l s t h e 
maximum a t t a i n a b l e moment a l o n g a c r a c k - l i n e . 
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An i n v e s t i g a t i o n i n t o t h e s e i n f e r e n c e s a s p o s s i b l e e x p l a n a ­
t i o n s fo r t h e d i f f e r e n c e i n b e h a v i o r be tween t h e t e s t s of Lenke i and 
t h o s e of Lenschow and Sozen i s t h e n e x t l o g i c a l s t e p . At t h i s p o i n t 
i t has been shown t h a t t h e s t r a i n s and f o r c e s y s t e m s i n a r e i n f o r c e d 
c o n c r e t e s l a b a r e a n a l o g o u s t o t h o s e i n an o r t h o t r o p i c s l a b i f a m o d i ­
f i e d form of K i r c h o f f s a s s u m p t i o n s i s u s e d . The r e l a t i o n s h i p s between 
t h e s t r a i n s and t h e f o r c e s i n t h e o r t h o t r o p i c m a t e r i a l s have been 
d e f i n e d ; t h e s e r e l a t i o n s h i p s a r e no t y e t d e f i n e d fo r t h e r e i n f o r c e d 
c o n c r e t e . Such d e f i n i t i o n s must p r e c e d e any i n v e s t i g a t i o n s i n t o t h e 
i n f e r e n c e s a s p o s s i b l e e x p l a n a t i o n s . 
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CHAPTER V 
A NEW CRITERION 
In a d d i t i o n t o t h e m o d i f i c a t i o n of K i r c h o f f ' s a s s u m p t i o n s 
p r o p o s e d i n t h e p r e v i o u s c h a p t e r , an a d e q u a t e model for t h e y i e l d 
c r i t e r i o n of a s imp ly r e i n f o r c e d c o n c r e t e s l a b r e q u i r e s c o n s t i t u t i v e 
e q u a t i o n s fo r t h e c o n c r e t e and t h e s t e e l , a s s u m p t i o n s a b o u t t h e b e h a v ­
i o r of r e i n f o r c i n g b a r s i n a c r a c k - l i n e ( t h e k i n k i n g q u e s t i o n ) and a 
means of i d e n t i f y i n g t h e o n s e t of y i e l d i n g . 
I d e n t i f y i n g t h e Onse t of Y i e l d i n g 
A y i e l d c r i t e r i o n ha s been d e s c r i b e d a s a m a t h e m a t i c a l f u n c t i o n 
t h a t d e f i n e s t h e o n s e t of t h e p l a s t i c r e g i o n ( y i e l d i n g ) . A p e r f e c t l y 
p l a s t i c r e g i o n i s one i n which t h e g e n e r a l i z e d s t r e s s i s i n d e p e n d e n t 
of t h e g e n e r a l i z e d s t r a i n . When a c t u a l l y measured in t e s t s on r e i n ­
fo rced c o n c r e t e s l a b s , t h e r e l a t i o n s h i p be tween t h e g e n e r a l i z e d s t r e s s 
(moment) and t h e g e n e r a l i z e d s t r a i n ( c u r v a t u r e ) d o e s no t d i s p l a y a p e r ­
f e c t l y p l a s t i c r e g i o n . I t d o e s , for c e r t a i n smal l p e r c e n t a g e s of 
r e i n f o r c e m e n t , d i s p l a y a r e g i o n i n which t h e i n c r e a s e i n moment i s 
sma l l f o r l a r g e i n c r e a s e s i n c u r v a t u r e , h e r e i n a f t e r r e f e r r e d t o a s an 
i m p e r f e c t l y p l a s t i c r e g i o n . The moment r e a c h e s a maximum w i t h i n t h i s 
r e g i o n and somet imes s t a r t s t o d e c r e a s e p r i o r t o a c r u s h i n g of t h e 
c o n c r e t e . The maximum moment a t t a i n e d i s r e f e r r e d t o a s t h e u l t i m a t e 
moment. A p l o t of a t y p i c a l m o m e n t - c u r v a t u r e r e l a t i o n s h i p fo r a r e i n ­
fo rced c o n c r e t e s l a b when t h e s t e e l i s normal t o t h e c r a c k - l i n e i s 
43 
shown by t h e s o l i d l i n e i n F i g u r e 10 . 
I f t h e i m p e r f e c t l y p l a s t i c r e g i o n i s t o be a p p r o x i m a t e d by a 
p e r f e c t l y p l a s t i c r e g i o n , t h e n a y i e l d c r i t e r i o n may p r e d i c t any moment 
t h a t l i e s w i t h i n t h e i m p e r f e c t l y p l a s t i c r a n g e ( t h e upper and lower 
moment l i m i t s a r e i n d i c a t e d by h o r i z o n t a l d o t t e d l i n e s i n t h e t y p i c a l 
p l o t of F i g u r e 1 0 ) ; t h i s moment, by definition, identifies the o n s e t 
of t h e p e r f e c t l y p l a s t i c r e g i o n . In t h i s model t h e b a s i s fo r p r e d i c t i n g 
a moment i n t h e i m p e r f e c t l y p l a s t i c r a n g e i s borrowed from u l t i m a t e 
s t r e n g t h t h e o r y fo r beams, namely t h a t t h e u l t i m a t e moment i s d e t e r ­
mined by a p r i n c i p a l c o n c r e t e s t r a i n r e a c h i n g a l i m i t i n g v a l u e . The 
u se of a l i m i t i n g c o n c r e t e s t r a i n e n a b l e s one t o d e t e r m i n e from t h e 
model w h e t h e r o r no t t h e r e i n f o r c e m e n t h a s y i e l d e d p r i o r t o r e a c h i n g 
t h e l i m i t i n g s t r a i n . Such knowledge i s i m p o r t a n t s i n c e t h e y i e l d i n g of 
t h e r e i n f o r c e m e n t i s t h e p h y s i c a l e x p l a n a t i o n fo r t h e e x i s t e n c e of an 
i m p e r f e c t l y p l a s t i c r e g i o n i n t h e m o m e n t - c u r v a t u r e r e l a t i o n s h i p . F u r ­
t h e r m o r e , u l t i m a t e s t r e n g t h t h e o r y f o r beams p r e d i c t s t h e u l t i m a t e 
moment i n t h e i m p e r f e c t l y p l a s t i c r e g i o n ; c o n s e q u e n t l y , i t i s t h e 
u l t i m a t e moment t h a t t h e new c r i t e r i o n c l a i m s t o p r e d i c t . 
H e r e t o f o r e i t h a s been assumed t h a t t h e u l t i m a t e moment i s 
d e t e r m i n e d by a l i m i t i n g c o m p r e s s i v e p r i n c i p a l s t r a i n . The u s e of t h e 
m o d i f i e d K i r c h o f f ' s a s s u m p t i o n s r a i s e s t h e p o s s i b i l i t y of a l i m i t i n g 
t e n s i l e p r i n c i p a l s t r a i n a t t h e t o p of t h e c r a c k . T h i s p o s s i b i l i t y 
must be t a k e n i n t o c o n s i d e r a t i o n when d e t e r m i n i n g t h e u l t i m a t e moment. 
In o r d e r t o do t h i s i t i s n e c e s s a r y t o d i s t i n g u i s h be tween a m i c r o -
c r a c k , which i s an i n i t i a l c r a c k a t a p o i n t , and t h e m a c r o - c r a c k of 
t h e y i e l d - l i n e , which i s p a r t of t h e c o l l a p s e p a t t e r n of t h e s l a b . 
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I t i s assumed t h a t t h e m i c r o - c r a c k can o c c u r a t any o r i e n t a t i o n t o 
t h e m a c r o - c r a c k , a f t e r which i t r e o r i e n t s t o c o i n c i d e w i t h t h e m a c r o -
c r a c k a s t h e c o l l a p s e p a t t e r n fo rms . 
C o n s t i t u t i v e E q u a t i o n s fo r t h e C o n c r e t e 
The s t r e s s - s t r a i n r e l a t i o n s h i p f o r c o n c r e t e o b t a i n e d from a 
u n i a x i a l compres s ion t e s t i s n o n - l i n e a r , and of even g r e a t e r i m p o r ­
t a n c e i s t h e f a c t t h a t t h e s t r e s s goes t h r o u g h a maximum p r i o r t o 
r e a c h i n g t h e r u p t u r e s t r a i n of t h e c o n c r e t e . W e l l - d e f i n e d and 
a c c e p t e d t r a n s f o r m a t i o n s t o any o t h e r a r b i t r a r y p l a n e fo r such a 
s t r e s s - s t r a i n r e l a t i o n s h i p cou ld n o t be found i n t h e a v a i l a b l e l i t e r ­
a t u r e . F o r t u n a t e l y , an a c c u r a t e d e s c r i p t i o n of t h e s e t r a n s f o r m a t i o n s 
i s no t c r i t i c a l i n a c h i e v i n g t h e o b j e c t i v e of t h i s t h e s i s , s i n c e t h e 
d e s i r e d q u a n t i t i e s r e s u l t from i n t e g r a l s i n v o l v i n g t h e s t r e s s - s t r a i n 
r e l a t i o n s h i p . As long a s t h e v a l u e s p r e d i c t e d by t h e i n t e g r a t i o n 
p r o c e s s a g r e e w i t h e x p e r i m e n t a l r e s u l t s , t h e p a r t i c u l a r form of s t r e s s -
s t r a i n r e l a t i o n s h i p used i s u n i m p o r t a n t . A good example of such an 
i d e a l i z a t i o n i s t h e r i g i d - p l a s t i c s t r e s s - s t r a i n r e l a t i o n s h i p fo r c o n ­
c r e t e which i s used i n u l t i m a t e s t r e n g t h t h e o r y fo r beams, i . e . , t h e 
r e c t a n g u l a r s t r e s s b l o c k method. 
A l i n e a r e l a s t i c , p e r f e c t l y p l a s t i c ( h e r e i n a f t e r r e f e r r e d t o a s 
e l a s t i c - p l a s t i c ) s t r e s s - s t r a i n r e l a t i o n s h i p i s used h e r e i n a s a model 
fo r t h e c o n c r e t e . The t r a n s f o r m a t i o n s f o r t h e l i n e a r e l a s t i c r a n g e 
t o any o t h e r a r b i t r a r y p l a n e a r e w e l l d e f i n e d and a c c e p t e d , and s e v e r a l 
a p p r o a c h e s a r e a v a i l a b l e fo r t h e p l a s t i c r a n g e . As p r e v i o u s l y s t a t e d , 
t h e r u p t u r e of t h e m a t e r i a l i s assumed t o occu r a t some p a r t i c u l a r 
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v a l u e of p r i n c i p a l s t r a i n , one v a l u e for c o m p r e s s i o n and a n o t h e r v a l u e 
fo r t e n s i o n . A t y p i c a l e l a s t i c - p l a s t i c s t r e s s - s t r a i n r e l a t i o n s h i p i s 
shown g r a p h i c a l l y by t h e s o l i d l i n e s i n F i g u r e 1 1 ; a t y p i c a l r e l a t i o n ­
s h i p o b t a i n e d from a u n i a x i a l c o m p r e s s i o n t e s t i s shown by t h e dashed 
l i n e . 
When t h e c r a c k - l i n e i s p e r p e n d i c u l a r t o t h e r e i n f o r c e m e n t and 
t h e moment i s a p r i n c i p a l o n e , t h e e l a s t i c - p l a s t i c model shou ld p r e d i c t 
t h e same u l t i m a t e moment i n a s l a b a s t h e c u r r e n t r i g i d - p l a s t i c model 
fo r beams. T h i s r e q u i r e m e n t i s used t o d e t e r m i n e t h e p r o p e r t i e s of an 
e q u i v a l e n t e l a s t i c - p l a s t i c model fo r t h e c o n c r e t e . The p r e d i c t e d u l t i ­
mate moments f o r each model w i l l be equa l i f , fo r t h e same d i s t a n c e t o 
t h e n e u t r a l a x i s and t h e same v a l u e of l i m i t i n g s t r a i n , t h e r e s u l t a n t 
f o r c e i n t h e c o n c r e t e and t h e moment of t h a t f o r c e a b o u t t h e n e u t r a l 
a x i s a r e t h e same i n b o t h m o d e l s . In t h i s way a d e t e r m i n a t i o n can be 
made of t h e f o l l o w i n g p r o p e r t i e s of t h e e q u i v a l e n t e l a s t i c - p l a s t i c 
mode l : 
E = e l a s t i c modulus 
d = p l a s t i c s t r e s s pc 
£ p C = s t r a i n a t which p l a s t i c r e g i o n b e g i n s . 
A more d e t a i l e d e x p l a n a t i o n of t h e i r d e t e r m i n a t i o n i s p r e s e n t e d i n 
Appendix A. 
I n a p p l y i n g t h i s i d e a l i z e d d e s c r i p t i o n of t h e b e h a v i o r of c o n ­
c r e t e t o a p a r t i c u l a r p rob lem t h e g e n e r a l i z e d H o o k e ' s law i n t e r m s of 
s t r a i n s i s u sed , from which f o l l o w s 
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e = e - v e (48) nn nn t t 
t t t t nn 
e l l = E l l " V C 2 2 
e 2 2 * E 2 2 " V E 1 1 
and from t h e s t r a i n i n v a r i a n t s f o l l o w s 
e l l + e 2 2 = e n n + e t t ( 4 9 ) 
e l l e 2 2 = e n n e t t - ( Y n t / 2 > 2 
where 
v * P o i s s o n ' s r a t i o fo r c o n c r e t e 
e = t o t a l s t r a i n in t h e n - d i r e c t i o n nn 
e^^ = t o t a l s t r a i n i n t h e t - d i r e c t i o n 
e ^ = t o t a l s t r a i n i n t h e major p r i n c i p a l s t r a i n d i r e c t i o n 
e 2 2 = ^ ° ^ a ^ - s t r a i n i n t h e minor p r i n c i p a l s t r a i n d i r e c t i o n 
r t = t o t a l s h e a r i n g s t r a i n on n - t p l a n e s 
= u n i a x i a l s t r a i n i n t h e i - d i r e c t i o n ; i = l , 2 , n , t . 
When t h e s t r a i n i s i n t h e l i n e a r p o r t i o n of t h e i d e a l i z e d 
s t r e s s - s t r a i n r e l a t i o n s h i p , t h e s h e a r i n g s t r e s s i s g i v e n by 
When t h e s t r a i n i s i n t h e p l a s t i c p o r t i o n , t h e s h e a r i n g s t r e s s 
r e m a i n s c o n s t a n t ; f u r t h e r m o r e , i f e q u a t i o n s (48) a r e t o be used i n t h i s 
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r e g i o n , P o i s s o n ' s r a t i o shou ld be p e r m i t t e d t o v a r y ( 2 1 ) . For r e i n ­
f o r c e d c o n c r e t e s l a b s , however , t h e v a r i a t i o n i n P o i s s o n ' s r a t i o h a s a 
v e r y smal l e f f e c t on t h e p r e d i c t e d u l t i m a t e moment. Using t h e new 
y i e l d c r i t e r i o n and L e n k e i ' s d a t a , when P o i s s o n ' s r a t i o was v a r i e d 
from z e r o t o i t s maximum of 0 . 5 , t h e l a r g e s t v a r i a t i o n i n t h e p r e d i c t e d 
u l t i m a t e moment was l e s s t h a n one p e r c e n t ; c o n s e q u e n t l y , P o i s s o n ' s 
r a t i o i s assumed t o be c o n s t a n t fo r b o t h t h e l i n e a r and t h e p l a s t i c 
r e g i o n s . 
B e h a v i o r of R e i n f o r c i n g B a r s i n a C r a c k - L i n e 
F i g u r e 12a shows a r e i n f o r c i n g b a r c r o s s i n g a c r a c k - l i n e i n a 
t y p i c a l segment of s l a b a s one would see i t i f t h e c o n c r e t e were t r a n s ­
p a r e n t ; t h e shaded p o r t i o n i n d i c a t e s t h e p l a n e t h a t i s shown i n p l a n -
view i n F i g u r e s 12b and 1 3 . F i g u r e 12b shows t h e c r a c k - l i n e b e f o r e any 
movement o c c u r s and i n d i c a t e s t h e l o c a t i o n of a h y p o t h e t i c a l c u t t h r o u g h 
t h e r e i n f o r c i n g b a r . F i g u r e 13 shows t h e c r a c k - l i n e a f t e r t h e c o n c r e t e 
p o r t i o n s on each s i d e of t h e c r a c k have moved a p a r t t h r o u g h a d i s t a n c e 
dN and s h i f t e d a long t h e c r a c k - l i n e t h r o u g h a d i s t a n c e dT, The two 
f a c e s of t h e h y p o t h e t i c a l c u t must be r e j o i n e d t o r e s t o r e c o n t i n u i t y t o 
t h e b a r . They must move t h r o u g h a d i s t a n c e dY p a r a l l e l t o t h e a x i s 
of t h e b a r and t h r o u g h a d i s t a n c e dX normal t o t h e a x i s of t h e b a r ; 
t h e y may a l s o have t o r o t a t e . 
S e v e r a l i d e a l i z a t i o n s r e g a r d i n g t h e b e h a v i o r of a r e i n f o r c i n g 
b a r c r o s s i n g a c r a c k - l i n e were ment ioned p r e v i o u s l y when d i s c u s s i n g 
c u r r e n t y i e l d c r i t e r i a . The most commonly used i d e a l i z a t i o n assumes 
t h a t t h e f o r c e i n t h e b a r r e m a i n s u n i a x i a l , i . e . , t h e e f f e c t of k i n k i n g 
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i s n e g l i g i b l e . As seen by r e f e r r i n g t o F i g u r e 1 3 , t h i s i d e a l i z a t i o n 
ha s t h e f o l l o w i n g e f f e c t : 
(1) t h e f a c e s of t h e h y p o t h e t i c a l c u t a r e assumed n o t t o r o t a t e 
(2) t h e f a c e s of t h e h y p o t h e t i c a l c u t move t h r o u g h t h e d i s t a n c e dY 
( 3 ) t h e movement of t h e f a c e s of t h e h y p o t h e t i c a l c u t t h r o u g h 
t h e d i s t a n c e dX i s n e g l e c t e d . 
Using t h i s i d e a l i z a t i o n i t i s p o s s i b l e t o e x p r e s s t h e a x i a l s t r a i n i n 
t h e b a r i n t e r m s of t h e s t r a i n s i n t h e n and t - d i r e c t i o n s and t h e a n g l e 
a . L e t t i n g 
Y = i n i t i a l l e n g t h of b a r 
dY = change i n l e n g t h of b a r 
£y = a x i a l s t r a i n i n b a r 
and r e f e r r i n g t o F i g u r e 1 3 , t h e f o l l o w i n g r e l a t i o n s h i p s can be o b s e r v e d 
Y = N / s i n a ( b l ) 
dY - dN s i n a + dT cos a . 
Then, by d e f i n i t i o n 
e y = dY/Y (52) 
and s u b s t i t u t i n g e q u a t i o n s (51) i n t o t h i s g i v e s 
e y = (dN/N) s i n 2 a + (dT/N) s i n a cos a . (53) 
R e a l i z i n g t h a t t h e t e r m s i n p a r e n t h e s e s i n e q u a t i o n s (53) a r e t h e 
s t r a i n s i n t h e n and t - d i r e c t i o n s r e s p e c t i v e l y , t h e a x i a l s t r a i n i n 
t h e ba r becomes 
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e = e s i n a + y , s i n a cos a . (54) y nn 1 n t 
O b t a i n e d i n a s i m i l a r manner , t h e a x i a l s t r a i n in a b a r p a r a l l e l t o 
t h e x - a x i s i s 
e - £ cos a - y , s i n a cos a . (55) x nn ' n t 
Use of t h e u n i a x i a l b a r f o r c e i d e a l i z a t i o n a l s o e n a b l e s one 
t o u s e t h e s t r e s s - s t r a i n r e l a t i o n s h i p o b t a i n e d from a s i m p l e t e n s i o n 
t e s t a s t h e c o n s t i t u t i v e e q u a t i o n fo r t h e s t e e l , c o n s e q u e n t l y t h e 
s t r e s s i n t h e b a r can be e x p r e s s e d i n t e r m s of t h e c r a c k - l i n e s t r a i n s 
fo r any a r b i t r a r y o r i e n t a t i o n of t h e b a r a x i s t o t h e c r a c k - l i n e . 
The u n i a x i a l f o r c e i d e a l i z a t i o n , a s e x p r e s s e d by e q u a t i o n s 
(54) and ( 5 5 ) , a l o n g w i t h t h e s t r e s s - s t r a i n r e l a t i o n s h i p o b t a i n e d from 
a s i m p l e t e n s i o n t e s t of a s t e e l ba r a r e used i n t h e new c r i t e r i o n . 
A New C r i t e r i o n 
A y i e l d c r i t e r i o n f o r r e i n f o r c e d concrete s l a b s i s currently 
u n d e r s t o o d t o be a means of p r e d i c t i n g , fo r any g i v e n o r i e n t a t i o n of a 
c r a c k - l i n e t o t h e r e i n f o r c e m e n t , a v a l u e of bend ing moment p e r u n i t 
w i d t h of c r o s s - s e c t i o n a l o n g t h e c r a c k - l i n e which c o r r e s p o n d s t o t h e 
o n s e t of y i e l d i n g . As ment ioned p r e v i o u s l y , t h e o n s e t of y i e l d i n g can 
be d e f i n e d i n d i f f e r e n t ways ; for p u r p o s e s of compar i son w i t h t e s t s , i t 
i s b e s t d e f i n e d a s t h e u l t i m a t e moment. 
An u l t i m a t e bend ing moment, a long w i t h any t w i s t i n g moment 
t h a t o c c u r s , on a p a r t i c u l a r c r o s s - s e c t i o n a l o n g a c r a c k - l i n e can be 
r e s o l v e d i n t o an e q u i v a l e n t sys tem of f o r c e s w i t h components normal t o 
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and p a r a l l e l t o t h e c r a c k - l i n e ; f u r t h e r m o r e , t h e e q u i v a l e n t sys tem of 
f o r c e s can be r e s o l v e d i n t o an e q u i v a l e n t s t r e s s d i s t r i b u t i o n on t h e 
c r o s s - s e c t i o n . Any scheme, t h e n , t h a t p r o v i d e s a s t r e s s d i s t r i b u t i o n 
on t h e c r o s s - s e c t i o n of i n t e r e s t which r e s u l t s i n a computed moment 
t h a t g i v e s a c c e p t a b l e a g r e e m e n t * w i t h u l t i m a t e bend ing moments measured 
i n t e s t s , m e e t s t h e c u r r e n t l y u n d e r s t o o d d e f i n i t i o n of a y i e l d c r i t e r i o n 
f o r r e i n f o r c e d c o n c r e t e s l a b s . 
I n t h e new c r i t e r i o n , t h e scheme for p r o v i d i n g a s t r e s s d i s ­
t r i b u t i o n which r e s u l t s i n an u l t i m a t e bend ing moment u t i l i z e s t h e 
maximum p r i n c i p a l s t r a i n t h e o r y of f a i l u r e and a p p l i e s i t t o t h e c o n ­
c r e t e . Any s t r a i n d i s t r i b u t i o n on a c r o s s - s e c t i o n a l o n g a c r a c k - l i n e 
which i s i n a c c o r d a n c e w i t h t h e mod i f i ed K i r c h o f f s a s s u m p t i o n s and 
r e s u l t s i n e i t h e r t h e p r i n c i p a l c o m p r e s s i v e s t r a i n on t h e s u r f a c e of 
t h e s l a b o r t h e p r i n c i p a l t e n s i l e s t r a i n a t t h e n e u t r a l a x i s r e a c h i n g 
a l i m i t i n g v a l u e i s one whose c o r r e s p o n d i n g s t r e s s d i s t r i b u t i o n r e s u l t s 
i n an u l t i m a t e bending moment. 
In o r d e r t o p r e d i c t t h e c o l l a p s e l o a d of a s l a b , a y i e l d c r i ­
t e r i o n i s g e n e r a l l y used i n c o n j u n c t i o n w i t h a f low r u l e and t h e upper 
and lower -bound t h e o r e m s of l i m i t a n a l y s i s . No flow r u l e i s a s s o c i a t e d 
w i t h t h e new c r i t e r i o n ; i n s t e a d , t h e c o n s t i t u t i v e e q u a t i o n s a r e assumed 
t o be v a l i d up t o t h e a t t a i n m e n t of an u l t i m a t e bend ing moment. In 
t h i s way i t i s p o s s i b l e t o r e t a i n t h e i n g r e d i e n t s of a c l a s s i c a l p l a t e 
t h e o r y : 
( l ) c o n s t i t u t i v e r e l a t i o n s f o r t h e m a t e r i a l s 
# 
A c c e p t a b l e ag reement from an e n g i n e e r i n g p o i n t of view g e n e r a l l y 
i m p l i e s t h a t t h e p r e d i c t e d u l t i m a t e bend ing moment be e q u a l t o o r l e s s 
t h a n t h e measured - e q u a l b e i n g t h e i d e a l . When a s t a t i s t i c a l a p p r o a c h 
i s u s e d , a c e r t a i n number of measured moments l e s s t h a n p r e d i c t e d 
moments a r e a c c e p t a b l e . 
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(2 ) an a s s u m p t i o n abou t t h e geome t ry of d e f o r m a t i o n 
(3 ) s a t i s f a c t i o n of t h e e q u i l i b r i u m c o n d i t i o n s 
(4) s a t i s f a c t i o n of t h e boundary c o n d i t i o n s . 
Summary 
The new c r i t e r i o n p r e d i c t s t h e moment a t t h e upper l i m i t of t h e 
i m p e r f e c t l y p l a s t i c r e g i o n , i . e . , t h e u l t i m a t e moment. S i n c e i t i s 
p r e c i s e l y d e f i n e d and e a s i l y measured , i t i s a b e t t e r b a s i s fo r com­
p a r i n g p r e d i c t e d and r e p o r t e d e x p e r i m e n t a l r e s u l t s t h a n t h e moment a t 
t h e lower l i m i t . The moment a t t h e lower l i m i t may be d e f i n e d d i f f e r ­
e n t l y by each i n v e s t i g a t o r , and t h e v a l u e o b t a i n e d i s d e p e n d e n t upon 
t h e t e c h n i q u e employed t o e x t r a c t i t from t h e measured d a t a . 
The new c r i t e r i o n employs e l a s t i c - p l a s t i c i d e a l i z a t i o n s fo r t h e 
u n i a x i a l s t r e s s - s t r a i n b e h a v i o r of b o t h t h e c o n c r e t e and t h e s t e e l . 
The c o n c r e t e h a s upper and lower l i m i t s on i t s s t r a i n v a l u e s ; i t i s 
c o n s i d e r e d t o have r u p t u r e d whenever t h e s e v a l u e s a r e e x c e e d e d . No 
s t r a i n l i m i t s a r e s e t on t h e s t e e l , s i n c e a s t e e l r u p t u r e p r i o r t o a 
c o n c r e t e r u p t u r e i s h i g h l y u n l i k e l y . C o n s e q u e n t l y , t h e u l t i m a t e moment 
i s r e a c h e d when t h e c o n c r e t e can a c c e p t no more load w i t h o u t r u p t u r i n g . 
The e f f e c t of " k i n k i n g " i s n e g l e c t e d i n t h e new c r i t e r i o n . 
In a p p l y i n g t h e new c r i t e r i o n t o a p a r t i c u l a r s l a b , t h e m o d i f i ­
c a t i o n of K i r c h o f f s a s s u m p t i o n s i s t a k e n a s v a l i d . 
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CHAPTER VI 
ATTAINMENT OF OBJECTIVE 
A d i f f e r e n c e i n b e h a v i o r can be obse rved by comparing t h e 
r e s u l t s of u n i a x i a l bend ing t e s t s on r e i n f o r c e d c o n c r e t e s l a b s r e p o r t e d 
by Lenschow and Sozen (14) w i t h t h o s e r e p o r t e d by Lenke i ( 1 5 ) . The 
d i f f e r e n c e a p p e a r s i n t e s t s on o r t h o t r o p i c a l l y r e i n f o r c e d s l a b s i n 
which t h e y i e l d - l i n e i s n o t p e r p e n d i c u l a r t o t h e r e i n f o r c e m e n t ; i t i s 
seen when t h e r e p o r t e d t e s t v a l u e s a r e compared w i t h v a l u e s p r e d i c t e d 
by u s i n g J o h a n s e n ' s c r i t e r i o n . Lenschow and S o z e n ' s r e s u l t s r e v e a l no 
s i g n i f i c a n t d i f f e r e n c e be tween t h e measured v a l u e s and t h e p r e d i c t e d 
v a l u e s ; many of L e n k e i ' s measured v a l u e s a r e s i g n i f i c a n t l y lower t h a n 
t h e p r e d i c t e d v a l u e s . A r a t i o n a l e x p l a n a t i o n f o r t h i s d i f f e r e n c e i n 
b e h a v i o r i s t h e o b j e c t i v e of t h i s d i s s e r t a t i o n . 
The o n l y e s s e n t i a l d i f f e r e n c e be tween t h e two t e s t s e t - u p s 
o c c u r s i n t h e boundary c o n d i t i o n s . Lenschow and S o z e n ' s s e t - u p p e r m i t s 
t w i s t i n g ; L e n k e i ' s d o e s n o t . C o n s e q u e n t l y , any r a t i o n a l e x p l a n a t i o n 
must s a t i s f y t h e s e two c o n d i t i o n s : 
( 1 ) i t must p r o v i d e a p h y s i c a l e x p l a n a t i o n fo r t h e r e d u c t i o n 
i n u l t i m a t e moment c a p a c i t y of c e r t a i n c r o s s - s e c t i o n s when 
t w i s t i n g i s p r e v e n t e d 
(2 ) i t must d e m o n s t r a t e t h a t t h e a d d i t i o n of t w i s t i n g t o 
t h e s e same c r o s s - s e c t i o n s l e a d s t o h i g h e r v a l u e s of u l t i ­
mate moment, i n f a c t t o v a l u e s v e r y c l o s e t o t h o s e p r e d i c t e d 
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by u s i n g J o h a n s e n ' s c r i t e r i o n . 
The c r i t e r i o n p roposed i n Chap te r V p r o v i d e s t h e key t o such an 
e x p l a n a t i o n . 
The f i r s t column of T a b l e 1 l i s t s L e n k e i ' s t e s t s , u s i n g h i s 
i d e n t i f y i n g numbers , on o r t h o t r o p i c a l l y r e i n f o r c e d c o n c r e t e s l a b s i n 
which t h e y i e l d - l i n e d i d n o t o c c u r p e r p e n d i c u l a r t o t h e r e i n f o r c e m e n t . 
A compar i son between h i s measured v a l u e s and t h e v a l u e s p r e d i c t e d by 
u s i n g J o h a n s e n ' s c r i t e r i o n i s shown i n column t h r e e . The measured 
v a l u e s a r e l e s s t h a n t h e p r e d i c t e d v a l u e s w i t h t h e e x c e p t i o n of t e s t s 
33 and 3 4 . S i n c e t h e s e two t e s t s a r e t h e o n l y d e v i a t i o n s from t h e g e n ­
e r a l p a t t e r n , t h e i r v a l i d i t y shou ld be conf i rmed by f u r t h e r t e s t i n g 
b e f o r e t r y i n g t o o f f e r any e x p l a n a t i o n f o r t h e i r o c c u r r e n c e ; c o n s e ­
q u e n t l y t h e y a r e i g n o r e d i n what f o l l o w s and on ly an e x p l a n a t i o n fo r 
t h e g e n e r a l p a t t e r n i s o f f e r e d . 
The i d e a l i z e d v e r s i o n of J o h a n s e n ' s c r i t e r i o n , which i s d e r i v e d 
i n C h a p t e r I I and e x p r e s s e d i n e q u a t i o n s ( 2 0 ) , i s no t used i n d e t e r m i n ­
ing t h e r a t i o s shown i n columns t h r e e and fou r of T a b l e 1 . I n s t e a d of 
comput ing t h e u l t i m a t e moment p e r u n i t w i d t h for t h e c r o s s - s e c t i o n s 
normal t o t h e r e i n f o r c e m e n t and e x p r e s s i n g t h e u l t i m a t e moment p e r u n i t 
w i d t h on any o t h e r c r o s s - s e c t i o n a s a f u n c t i o n of t h e s e two moments, 
t h e u l t i m a t e moment p e r u n i t w i d t h of c r o s s - s e c t i o n a l o n g t h e y i e l d -
l i n e i s computed d i r e c t l y . The same a s s u m p t i o n fo r d e t e r m i n i n g t h e 
u l t i m a t e moments of t h e c r o s s - s e c t i o n s normal t o t h e r e i n f o r c e m e n t i s 
used i n d e t e r m i n i n g t h e u l t i m a t e moment of t h e c r o s s - s e c t i o n a l o n g t h e 
y i e l d - l i n e , namely , t h a t t h e a c t u a l s t r e s s d i s t r i b u t i o n i n t h e c o n c r e t e 
can be r e p l a c e d by t h e s t a t i c a l l y e q u i v a l e n t r e c t a n g u l a r s t r e s s 
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d i s t r i b u t i o n used i n u l t i m a t e s t r e n g t h t h e o r y f o r beams. T h i s v e r s i o n 
yn y y py 
a = (F + F ) / ( 0 . 8 5 f ' ) xn y n " c ' 
M ^ - F (d - a / 2 ) + F (d - a / 2 ) nn xn* x ' yn Y ' 
where t h e o n l y new symbols a r e 
a - d e p t h of e q u i v a l e n t r e c t a n g u l a r s t r e s s b l o c k 
f p x = y i e l d s t r e s s under u n i a x i a l load of x - d i r e c t i o n b a r 
f = y i e l d s t r e s s under u n i a x i a l l o a d of y - d i r e c t i o n b a r 
M ^ = u l t i m a t e moment p e r u n i t w i d t h of c r o s s - s e c t i o n a long 
a y i e l d l i n e ( t h e s u p e r s c r i p t i n d i c a t e s t h a t i t i s 
a v e r s i o n of J o h a n s e n ' s c r i t e r i o n ) . 
T h i s v e r s i o n i s used i n o r d e r t h a t t h e new c r i t e r i o n and J o h a n s e n ' s 
c r i t e r i o n can be compared on t h e same b a s i s , s i n c e t h e new c r i t e r i o n 
i s a p p l i e d d i r e c t l y t o t h e c r o s s - s e c t i o n a l o n g t h e y i e l d - l i n e . 
Reduced U l t i m a t e Moment When T w i s t i n g i s Absent 
I m p l i c i t i n t h e v e r s i o n of J o h a n s e n ' s c r i t e r i o n used i n p r e ­
p a r i n g T a b l e 1 i s t h e a s s u m p t i o n t h a t t h e l o c a t i o n of t h e r e s u l t a n t 
f o r c e i n t h e c o n c r e t e i s d e t e r m i n e d o n l y by t h e normal f o r c e component 
of t h e r e s u l t a n t f o r c e i n t h e r e i n f o r c e m e n t . In t h e new c r i t e r i o n b o t h 
t h e normal and t h e s h e a r i n g components of t h e r e s u l t a n t f o r c e i n t h e 
r e i n f o r c e m e n t a f f e c t t h e l o c a t i o n of t h e r e s u l t a n t f o r c e i n t h e con ­
c r e t e ; c o n s e q u e n t l y , t h i s d i f f e r e n c e i s a p o s s i b l e e x p l a n a t i o n f o r 
of J o h a n s e n ' s c r i t e r i o n l e a d s t o t h e f o l l o w i n g e q u a t i o n s from which t h e 
v a l u e s used i n p r e p a r i n g T a b l e 1 were o b t a i n e d 
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t h e r e d u c e d v a l u e s of u l t i m a t e moment which o c c u r r e d i n L e n k e i ' s t e s t s . 
By a p p l y i n g t h e new c r i t e r i o n t o each of L e n k e i ' s t e s t s and a s s u m i n g , 
a s i n u l t i m a t e s t r e n g t h t h e o r y f o r beams, t h a t t h e u l t i m a t e moment 
o c c u r s when t h e p r i n c i p a l c o m p r e s s i v e s t r a i n a t t h e s l a b ' s s u r f a c e 
r e a c h e s a l i m i t i n g v a l u e , e x p e c t e d u l t i m a t e moment v a l u e s can be com­
pu ted ( s e e a p p l i c a t i o n (A) in Appendix B ) . In column fou r of T a b l e 1, 
t h e r e s u l t s of such c o m p u t a t i o n s a r e compared w i t h t h o s e o b t a i n e d u s i n g 
J o h a n s e n ' s c r i t e r i o n . A p e r u s a l of column f o u r r e v e a l s t h e f o l l o w i n g : 
( 1 ) t h e v a l u e s o b t a i n e d u s i n g J o h a n s e n ' s c r i t e r i o n a r e e q u a l 
t o or g r e a t e r t h a n t h e v a l u e s o b t a i n e d w i t h t h e new 
c r i t e r i o n u s i n g a l i m i t i n g v a l u e of c o m p r e s s i v e s t r a i n 
a t t h e s l a b ' s s u r f a c e 
(2 ) t h e d i f f e r e n c e between any two c o r r e s p o n d i n g v a l u e s i s 
l e s s t h a n fou r p e r c e n t . 
O b v i o u s l y , p r e d i c t e d r e d u c t i o n s of l e s s t h a n four p e r c e n t can no t be 
o f f e r e d a s an e x p l a n a t i o n f o r t h e measured r e d u c t i o n s a s h i g h a s 37 
p e r c e n t which a r e i n d i c a t e d i n column t h r e e j some o t h e r e x p l a n a t i o n i s 
r e q u i r e d . 
Obse rv ing t h a t a s t a t e of pu re s h e a r e x i s t s a t t h e n e u t r a l a x i s 
when t h e new c r i t e r i o n i s used and t w i s t i n g i s a b s e n t , a n o t h e r p o s s i b l e 
e x p l a n a t i o n i s t h e o c c u r r e n c e of a l i m i t i n g v a l u e of p r i n c i p a l t e n s i l e 
s t r a i n a t t h e n e u t r a l a x i s p r i o r t o t h e a t t a i n m e n t of a l i m i t i n g v a l u e 
of p r i n c i p a l c o m p r e s s i v e s t r a i n a t t h e s l a b ' s s u r f a c e . By assuming 
t h a t t h e u l t i m a t e moment v a l u e s p r e d i c t e d by u s i n g t h e new c r i t e r i o n 
a r e e q u a l t o t h e u l t i m a t e moment v a l u e s o b t a i n e d i n L e n k e i ' s t e s t s , 
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v a l u e s of s h e a r i n g s t r a i n a t t h e n e u t r a l a x i s - an i n d i r e c t measure 
of p r i n c i p a l t e n s i l e s t r a i n - can be computed f o r each of L e n k e i ' s 
t e s t s ( s e e a p p l i c a t i o n (B) in Appendix B ) . I n column f i v e of T a b l e 1, 
t h e r e s u l t s of such c o m p u t a t i o n s a r e compared w i t h t h e v a l u e s of s h e a r ­
ing s t r a i n a t t h e n e u t r a l a x i s computed when assuming t h e a t t a i n m e n t 
of a l i m i t i n g v a l u e of p r i n c i p a l c o m p r e s s i v e s t r a i n a t t h e s l a b ' s s u r ­
f a c e , i . e . , t h o s e v a l u e s computed i n a p p l i c a t i o n (A) i n Appendix B. In 
a l l c a s e s t h e s h e a r i n g s t r a i n a t t h e n e u t r a l a x i s r e q u i r e d t o a t t a i n a 
l i m i t i n g v a l u e of p r i n c i p a l c o m p r e s s i v e s t r a i n a t t h e s l a b ' s s u r f a c e i s 
g r e a t e r t h a n t h e s h e a r i n g s t r a i n a t t h e n e u t r a l a x i s r e q u i r e d t o a t t a i n 
u l t i m a t e moments e q u a l t o t h o s e measured i n L e n k e i ' s t e s t s . I t f o l l o w s , 
t h e n , t h a t t h e r e d u c t i o n i n u l t i m a t e moment obse rved i n L e n k e i ' s t e s t s 
can be a t t r i b u t e d t o t h e a t t a i n m e n t of a l i m i t i n g p r i n c i p a l t e n s i l e 
s t r a i n a t t h e n e u t r a l a x i s p r i o r t o t h e a t t a i n m e n t of a l i m i t i n g p r i n ­
c i p a l c o m p r e s s i v e s t r a i n a t t h e s l a b ' s s u r f a c e ; h e n c e , t h e f i r s t c o n d i ­
t i o n for a r a t i o n a l e x p l a n a t i o n ( t o p r o v i d e a p h y s i c a l e x p l a n a t i o n ) i s 
s a t i s f i e d . 
I n c r e a s i n g t h e U l t i m a t e Moment by t h e I n t r o d u c t i o n of T w i s t i n g 
When t w i s t i n g i s a b s e n t , i t h a s been shown t h a t t h e u l t i m a t e 
moment can be d e t e r m i n e d by a l i m i t i n g p r i n c i p a l t e n s i l e s t r a i n a t t h e 
n e u t r a l a x i s . I t r e m a i n s t o be shown t h a t t h e i n t r o d u c t i o n of t w i s t i n g 
w i l l p e r m i t an i n c r e a s e i n t h e u l t i m a t e moment, which i s a p p a r e n t l y 
what o c c u r r e d i n Lenschow and S o z e n ' s t e s t s . 
I f a l i m i t i n g p r i n c i p a l c o m p r e s s i v e s t r a i n a t t h e s l a b ' s s u r f a c e 
h a s n o t been a t t a i n e d when a l i m i t i n g p r i n c i p a l t e n s i l e s t r a i n i s 
r e a c h e d a t t h e n e u t r a l a x i s , any amount of t w i s t i n g which d o e s no t 
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r e s u l t i n a p r i n c i p a l c o m p r e s s i v e s t r a i n a t t h e s l a b ' s s u r f a c e 
e x c e e d i n g a l i m i t i n g v a l u e i s p e r m i t t e d by t h e new c r i t e r i o n . By 
s e t t i n g t h e p r i n c i p a l t e n s i l e s t r a i n a t t h e n e u t r a l a x i s t o a l i m i t i n g 
v a l u e and u s i n g t h e amount of t w i s t i n g a s a s e a r c h - v a r i a b l e , t h e m a x i ­
mum v a l u e of u l t i m a t e moment a t t a i n a b l e on t h e c r o s s - s e c t i o n can be 
computed f o r e a c h of L e n k e i ' s t e s t s ( s e e a p p l i c a t i o n (C) of Appendix 
B ) . In comput ing t h e s e v a l u e s , t h e s h e a r i n g s t r a i n a t t h e n e u t r a l 
a x i s c o r r e s p o n d i n g t o a l i m i t i n g v a l u e of p r i n c i p a l t e n s i l e s t r a i n i s 
t a k e n as t h e v a l u e r e q u i r e d fo r t h e new c r i t e r i o n t o p r e d i c t t h e u l t i ­
mate moment v a l u e s o b t a i n e d i n L e n k e i ' s t e s t s , i . e . , t h e s h e a r i n g s t r a i n 
computed i n A p p l i c a t i o n (B) of Appendix B. I n column s i x of T a b l e 1, 
t h e r e s u l t s of t h e s e c o m p u t a t i o n s a r e compared w i t h t h e r e s u l t s 
o b t a i n e d by u s i n g J o h a n s e n ' s c r i t e r i o n . A g l a n c e a t column s i x r e v e a l s 
t h a t t h e u l t i m a t e moments o b t a i n e d by i n t r o d u c i n g t w i s t i n g a r e w i t h i n 
one p e r c e n t of t h o s e o b t a i n e d by u s i n g J o h a n s e n ' s c r i t e r i o n , w i t h t h e 
e x c e p t i o n of t e s t 2 8 ; and i n t e s t 28 J o h a n s e n ' s v a l u e i s j u s t t h r e e 
p e r c e n t g r e a t e r . I t f o l l o w s , t h e n , t h a t t h e l a c k of any s i g n i f i c a n t 
d i f f e r e n c e i n Lenschow and S o z e n ' s t e s t s be tween t h e measured v a l u e s 
and t h e v a l u e s p r e d i c t e d by u s i n g J o h a n s e n ' s c r i t e r i o n can be a t t r i b u t e d 
t o t h e p r e s e n c e of t w i s t i n g ; t h u s t h e second c o n d i t i o n for a r a t i o n a l 
e x p l a n a t i o n ( t o d e m o n s t r a t e an i n c r e a s e i n u l t i m a t e moment a s a r e s u l t 
of t w i s t i n g ) i s s a t i s f i e d . 
Comments on Anomal ies i n T a b l e 1 
The a n o m a l i e s i n T a b l e 1 d e s e r v e some comment. 
The f a c t t h a t t h e measured u l t i m a t e moments in t e s t s 33 and 34 
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a r e c o n s i d e r a b l y g r e a t e r t h a n t h e u l t i m a t e moments p r e d i c t e d by u s i n g 
J o h a n s e n ' s c r i t e r i o n , w h i l e a l l t h e o t h e r s a r e c o n s i d e r a b l y l e s s , has 
a l r e a d y been m e n t i o n e d . As p r e s e n t l y s t r u c t u r e d , t h e new c r i t e r i o n i s 
u n a b l e t o a c c o u n t f o r measured u l t i m a t e moments which a r e g r e a t e r t h a n 
t h o s e p r e d i c t e d by u s i n g J o h a n s e n ' s c r i t e r i o n ; however , some assump­
t i o n s w i t h r e g a r d t o t h e r e i n f o r c i n g s t e e l a r e u t i l i z e d t h a t can be 
changed t o a c c o u n t for g r e a t e r u l t i m a t e moments. C o n s i d e r a t i o n of e i t h e r 
s t r a i n - h a r d e n i n g i n t h e s t e e l o r t h e k i n k i n g e f f e c t o r b o t h can l e a d t o 
h i g h e r v a l u e s of u l t i m a t e moment. 
The o t h e r o b v i o u s anomaly o c c u r s i n t e s t 19 and a p p e a r s in 
column f i v e ; t h e r a t i o be tween t h e s h e a r i n g s t r a i n s i n t h i s e c a s e i s 
n o t i c e a b l y l a r g e r t h a n t h e r a t i o s i n t h e o t h e r c a s e s . A c t u a l l y , t h e 
v a l u e s of t h e s e r a t i o s have v e r y l i t t l e p h y s i c a l s i g n i f i c a n c e . The 
p h y s i c a l l y s i g n i f i c a n t v a l u e s a r e t h e s h e a r i n g s t r a i n s computed i n 
a p p l i c a t i o n (B) of Appendix B, f o r , a t t h e n e u t r a l a x i s , t h e y can be 
e a s i l y t r a n s f o r m e d i n t o t h e p r i n c i p a l t e n s i l e s t r a i n s a t which t h e 
c o n c r e t e r u p t u r e d . Using t h e i d e a l i z e d e l a s t i c - p l a s t i c s t r e s s - s t r a i n 
r e l a t i o n s h i p f o r c o n c r e t e , a t e n s i l e r u p t u r e s t r e s s f o r t h e c o n c r e t e 
can be computed . The r e s u l t s of such c o m p u t a t i o n s a r e compared, i n 
column seven of T a b l e 1, w i t h t h e c y l i n d e r s t r e n g t h s of t h e c o n c r e t e . 
R e f e r r i n g a g a i n t o t e s t 19, t h i s t i m e i n column s e v e n , t h e computed 
t e n s i l e s t r e n g t h of t h e c o n c r e t e i s on ly s i x - t e n t h s of one p e r c e n t of 
t h e measured c o m p r e s s i v e s t r e n g t h . Al though t h i s i s a v e r y low v a l u e , 
be tween 10 and 12 p e r c e n t be ing a w i d e l y a c c e p t e d norm, t h e o c c u r r e n c e 
of such a l a r g e d e v i a t i o n i n t h e t e s t i n g of c o n c r e t e spec imens i s no t 
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unhea rd of . F u r t h e r m o r e , i t must be remembered t h a t t h e s e v a l u e s of 
t e n s i l e r u p t u r e s t r e n g t h a r e o b t a i n e d i n d i r e c t l y by c o m p u t a t i o n from 
a model which u t i l i z e s a s s u m p t i o n s t h a t make d u b i o u s t h e c o r r e s p o n d e n c e 
be tween t h e computed v a l u e and t h e r e a l v a l u e , t h e most o b v i o u s of t h e s e 
a s s u m p t i o n s b e i n g t h e i d e a l i z e d e l a s t i c - p l a s t i c s t r e s s - s t r a i n r e l a t i o n ­
s h i p and t h e two a s s u m p t i o n s w i t h r e s p e c t t o t h e r e i n f o r c e m e n t men t ioned 
i n t h e p r e v i o u s p a r a g r a p h . N e v e r t h e l e s s , i f t h e new c r i t e r i o n , a l o n g 
w i t h t h e a c c e p t e d norm f o r c o n c r e t e t e n s i l e r u p t u r e s t r e n g t h of 1 0 
p e r c e n t of t h e c o m p r e s s i v e s t r e n g t h , had been used t o p r e d i c t t h e u l t i ­
mate moment v a l u e s from L e n k e i ' s t e s t s , t h e p r e d i c t e d v a l u e s would have 
been u n c o n s e r v a t i v e i n o n l y four c a s e s . 
Summary 
The r e s u l t s of u n i a x i a l bend ing t e s t s on r e i n f o r c e d c o n c r e t e 
s l a b s r e p o r t e d by Lenschow and Sozen r e v e a l no s i g n i f i c a n t d i f f e r e n c e 
be tween t h e measured v a l u e s of u l t i m a t e moment and t h e v a l u e s p r e ­
d i c t e d by u s i n g J o h a n s e n ' s c r i t e r i o n . The r e p o r t e d r e s u l t s of s i m i l a r 
t e s t s by Lenke i r e v e a l measured v a l u e s of u l t i m a t e moment s i g n i f i c a n t l y 
l e s s t h a n t h e v a l u e s p r e d i c t e d by J o h a n s e n ' s c r i t e r i o n f o r most of 
t h o s e s l a b s which a r e o r t h o t r o p i c a l l y r e i n f o r c e d and i n which t h e y i e l d -
l i n e i s no t p e r p e n d i c u l a r t o t h e r e i n f o r c e m e n t . The o n l y e s s e n t i a l 
d i f f e r e n c e be tween Lenschow and S o z e n ' s t e s t s e t - u p and L e n k e i ' s t e s t 
s e t - u p i s i n t h e boundary c o n d i t i o n s . Lenschow and S o z e n ' s s e t - u p 
p e r m i t s t w i s t i n g ; L e n k e i ' s d o e s n o t . 
By u s i n g t h e new c r i t e r i o n p roposed in C h a p t e r V, one i s a b l e 
t o p r e d i c t t h e d i f f e r e n c e i n b e h a v i o r which o c c u r r e d i n t h e s e t e s t s . 
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The lower u l t i m a t e moment c a p a c i t y when t w i s t i n g i s p r e v e n t e d can be 
a t t r i b u t e d t o t h e o c c u r r e n c e of a c o n c r e t e t e n s i l e f a i l u r e a t t h e neu ­
t r a l a x i s p r i o r t o t h e o c c u r r e n c e of a c o n c r e t e c o m p r e s s i v e f a i l u r e a t 
t h e s l a b ' s s u r f a c e . The h i g h e r u l t i m a t e moment c a p a c i t y when t w i s t i n g 
i s p e r m i t t e d can be a t t r i b u t e d t o t h e r e d i s t r i b u t i o n of s t r e s s a l l o w e d 
by t h e t w i s t i n g a c t i o n u n t i l s i m u l t a n e o u s f a i l u r e s i n t h e c o n c r e t e o c c u r , 
i n t e n s i o n a t t h e n e u t r a l a x i s and i n c o m p r e s s i o n a t t h e s l a b ' s s u r f a c e . 
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CHAPTER VII 
COMMENTS, CONCLUSIONS AND RECOMMENDATIONS 
C o n s i d e r i n g t h e r e l a t i v e l y smal l amount of e x p e r i m e n t a l i n f o r m a ­
t i o n u t i l i z e d , o n l y t h r e e c o n c l u s i o n s , s t a t e d t o w a r d s t h e end of t h e 
c h a p t e r , a p p e a r t o be j u s t i f i a b l e a t t h e p r e s e n t t i m e . Of c o n s i d e r ­
a b l e i n t e r e s t , however , a r e t h e many r a m i f i c a t i o n s s u g g e s t e d by t h e 
p r o p o s e d new c r i t e r i o n . 
On t h e E f f e c t of S u p p o r t C o n d i t i o n s 
In L e n k e i ' s t e s t s e t - u p , t h e s u p p o r t s o f f e r no r e s i s t a n c e t o 
t r a n s l a t i o n i n t h e n - t p l a n e ( t h e p l a n e of t h e s l a b ) . I f t r a n s l a t i o n 
i n t h e n - t p l a n e i s p r e v e n t e d , a b e n e f i c i a l e f f e c t ( h a v i n g n o t h i n g t o 
do w i t h membrane a c t i o n ) on t h e u l t i m a t e moment c a p a c i t y r e s u l t s . When 
t r a n s l a t i o n i s a l l o w e d , t h e r e a c t i v e f o r c e sy s t ems a t t h e s u p p o r t s a r e 
t w i s t i n g moments - d e p i c t e d a s s o l i d a r r o w s i n F i g u r e 15a . When t r a n s ­
l a t i o n i s p r e v e n t e d , t h e r e a c t i v e sy s t ems a t t h e s u p p o r t s a r e s h e a r 
f o r c e s p a r a l l e l t o t h e s u p p o r t s p l u s moments a b o u t a x e s p e r p e n d i c u l a r 
t o t h e n - t p l a n e - d e p i c t e d a s s o l i d a r r o w s i n F i g u r e l b b . I t i s t h e 
change i n t h e n a t u r e of t h e r e a c t i v e sy s t ems t h a t a c c o u n t s fo r t h e 
b e n e f i c i a l e f f e c t . 
When t r a n s l a t i o n i s a l l o w e d , t h e r e s u l t a n t f o r c e sys t em on a 
c r o s s - s e c t i o n of t h e s l a b a t some d i s t a n c e from and p a r a l l e l t o t h e 
s u p p o r t c o n s i s t s of two f o r c e c o u p l e s - one normal t o t h e c r o s s - s e c t i o n 
i n a p l a n e p e r p e n d i c u l a r t o t h e p l a n e of t h e s l a b and one i n t h e p l a n e 
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of t h e c r o s s - s e c t i o n ( s e e F i g u r e 1 5 c ) . Under t h e s e c i r c u m s t a n c e s a 
s h e a r i n g f o r c e i s r e q u i r e d i n t h e c o n c r e t e , which a c c o u n t s f o r a lower 
u l t i m a t e moment c a p a c i t y . When t r a n s l a t i o n i s p r e v e n t e d , t h e r e s u l t a n t 
f o r c e sys tem on a c r o s s - s e c t i o n of t h e s l a b a t some d i s t a n c e from and 
p a r a l l e l t o t h e s u p p o r t c o n s i s t s of a f o r c e c o u p l e normal t o t h e c r o s s -
s e c t i o n and a r e s u l t a n t f o r c e i n t h e p l a n e of t h e c r o s s - s e c t i o n ( s e e 
F i g u r e 1 5 d ) . The o r i e n t a t i o n of t h e p l a n e of t h e normal f o r c e c o u p l e 
v a r i e s w i t h t h e magn i tude of moment r e q u i r e d f o r e q u i l i b r i u m of t h e 
moments a b o u t an a x i s p e r p e n d i c u l a r t o t h e p l a n e of t h e s l a b . Under 
t h e s e c i r c u m s t a n c e s no s h e a r i n g f o r c e i s r e q u i r e d i n t h e c o n c r e t e , 
hence an i n c r e a s e i n t h e u l t i m a t e moment c a p a c i t y . 
When o n l y p a r t i a l t r a n s l a t i o n a l r e s t r a i n t i s p r o v i d e d , some 
c o m b i n a t i o n of t h e s e two r e s u l t a n t f o r c e s y s t e m s w i l l o c c u r , and t h e 
magn i tude of each w i l l depend on t h e amount of r e s t r a i n t p r o v i d e d . 
On S h e a r Normal t o t h e P l a n e of t h e S l a b 
In t h e f o r e g o i n g , o n l y s h e a r i n g f o r c e s p a r a l l e l t o t h e p l a n e 
of t h e s l a b were c o n s i d e r e d , s i n c e t h e y were t h e o n l y t y p e t h a t 
r e s u l t e d from t h e a p p l i c a t i o n of a u n i a x i a l bend ing moment. P r a c t i c a l 
l o a d i n g s on s l a b s g e n e r a l l y i n c l u d e a component of s h e a r i n g f o r c e n o r ­
mal t o t h e p l a n e of t h e s l a b . S i n c e t h e new c r i t e r i o n u s e s a l i m i t i n g 
p r i n c i p a l s t r a i n a p p r o a c h t o f a i l u r e and s i n c e t h e maximum s h e a r i n g 
s t r a i n normal t o t h e p l a n e of t h e s l a b o c c u r s a t t h e n e u t r a l a x i s , a 
l i m i t i n g v a l u e of p r i n c i p a l t e n s i l e s t r a i n a t t h e n e u t r a l a x i s may be 
c o n t r o l l e d e i t h e r by t h e s h e a r i n g s t r a i n normal t o t h e p l a n e of t h e 
s l a b o r by t h e s h e a r i n g s t r a i n p a r a l l e l t o t h e p l a n e of t h e s l a b -
w h i c h e v e r f i r s t c a u s e s t h e l i m i t i n g t e n s i l e s t r a i n t o o c c u r . 
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On a U n i f i e d Theory of U l t i m a t e S t r e n g t h 
At t h e p r e s e n t t i m e t h e u l t i m a t e s t r e n g t h of r e i n f o r c e d c o n ­
c r e t e members i n b e n d i n g , s h e a r , t o r s i o n , a x i a l f o r c e and v a r i o u s 
c o m b i n a t i o n s of t h e s e a r e , fo r t h e most p a r t , t r e a t e d a s s e p a r a t e 
i t e m s - each d e s c r i b e d by i t s own e q u a t i o n composed of s e l e c t e d 
v a r i a b l e s and e m p i r i c a l l y d e t e r m i n e d c o e f f i c i e n t s . The new c r i t e r i o n , 
p e r h a p s w i t h f u r t h e r r e f i n e m e n t s , s u g g e s t s t h e p o s s i b i l i t y of o b t a i n ­
ing a common b a s i s for d e t e r m i n i n g t h e u l t i m a t e s t a t e on a c r o s s - s e c t i o n 
s u b j e c t e d t o d i f f e r e n t c o m b i n a t i o n s of f o r c e componen t s . As an example , 
c o n s i d e r t h e ca se of combined bend ing and s h e a r i n a beam. In a manner 
a n a l o g o u s t o t h e s l a b s i n L e n k e i ' s t e s t s e t - u p , t h e u l t i m a t e c o n d i t i o n 
can o c c u r e i t h e r a s a l i m i t i n g p r i n c i p a l c o m p r e s s i v e s t r a i n a t t h e s u r ­
f a c e o r a s a l i m i t i n g p r i n c i p a l t e n s i l e s t r a i n a t t h e n e u t r a l a x i s . 
As a f u r t h e r example , c o n s i d e r t h e c a s e of p u r e t o r s i o n i n a beam. In 
a manner a n a l o g o u s t o t h e s l a b s i n Lenschow and S o z e n ' s t e s t s e t - u p , 
t h e c r o s s - s e c t i o n on which t h e u l t i m a t e c o n d i t i o n o c c u r s can be o t h e r 
t h a n t h e c r o s s - s e c t i o n normal t o t h e d i r e c t i o n of span and t h e u l t i m a t e 
c o n d i t i o n can o c c u r a s a l i m i t i n g p r i n c i p a l c o m p r e s s i v e s t r a i n , t e n s i l e 
s t r a i n o r b o t h . I n f a c t , t h i s a p p r o a c h t o p u r e t o r s i o n was u s e d , a l o n g 
w i t h J o h a n s e n ' s c r i t e r i o n , w i t h good r e s u l t s . 
On t h e C o r r e s p o n d e n c e Between S u r f a c e S t r a i n s and C u r v a t u r e 
When u s i n g K i r c h o f f ' s a s s u m p t i o n s , t h e d i r e c t i o n s of p r i n c i p a l 
s t r a i n c o i n c i d e w i t h t h e d i r e c t i o n s of p r i n c i p a l c u r v a t u r e . Under t h e s e 
c i r c u m s t a n c e s i t i s p o s s i b l e t o d e t e r m i n e e x p e r i m e n t a l l y t h e d i r e c t i o n s 
*See Lenschow and Sozen ( 1 9 ) , p . 123 
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of p r i n c i p a l c u r v a t u r e by measu r ing t h e s t r a i n s on t h e s u r f a c e of t h e 
s l a b . When u s i n g t h e new c r i t e r i o n , which i n c o r p o r a t e s t h e mod i f i ed 
K i r c h o f f s a s s u m p t i o n s p r o p o s e d i n C h a p t e r IV, t h e d i r e c t i o n s of p r i n ­
c i p a l s t r a i n do n o t n e c e s s a r i l y c o i n c i d e w i t h t h e d i r e c t i o n s of p r i n ­
c i p a l curvature; consequently, experimental measurement o f the s u r f a c e 
s t r a i n i s n o t s u f f i c i e n t t o d e t e r m i n e t h e d i r e c t i o n s of p r i n c i p a l c u r v a ­
t u r e . 
On P r a c t i c a l A s p e c t s 
In i t s p r e s e n t form t h e new c r i t e r i o n r e q u i r e s t h e use of an 
e l e c t r o n i c d i g i t a l computer f o r i t s e f f i c i e n t a p p l i c a t i o n , even i n t h e 
r e l a t i v e l y s i m p l e c a s e p r e s e n t e d h e r e i n . C o n s e q u e n t l y , it i s n o t y e t 
a p r a c t i c a l d e s i g n t o o l i n t h e s e n s e t h a t i t i s a compact e x p r e s s i o n 
r e l a t i v e l y e a s y t o a p p l y w i t h t h e a i d of a c a l c u l a t o r and d e s i g n 
c h a r t s . I t i s such a t o o l i n t h e s e n s e t h a t i t makes t h e d e s i g n e r , 
a t l e a s t one who can v i s u a l i z e t h e b e h a v i o r of h i s s t r u c t u r e , aware of 
p o s s i b l e p rob lem a r e a s when using h i s present design t o o l s . 
I f p roven by s u f f i c i e n t t e s t i n g and f u r t h e r r e f i n e m e n t t o be an 
a d e q u a t e p r e d i c t o r of t h e u l t i m a t e b e h a v i o r of r e i n f o r c e d c o n c r e t e mem­
b e r s , t h e new c r i t e r i o n can s e r v e a s a s t a n d a r d a g a i n s t which t o j u d g e 
t h e d e v i a t i o n s of s i m p l i f i e d f o r m u l a t i o n s d e v i s e d f o r use i n d e s i g n 
p r a c t i c e . I n f a c t , w i t h t h e growing use of e l e c t r o n i c d i g i t a l com­
p u t e r s , i t cou ld be used d i r e c t l y i n d e s i g n p r a c t i c e . 
C o n c l u s i o n s 
The f o l l o w i n g c o n c l u s i o n s can be r e a c h e d on t h e b a s i s of t h e 
p r e m i s e s and e x p e r i m e n t a l d a t a u t i l i z e d h e r e i n : 
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(1) f o r a r e c t a n g u l a r s l a b , c o n t i n u o u s l y s u p p o r t e d a l o n g two o p p o ­
s i t e e d g e s on s imple s u p p o r t s o f f e r i n g no r e s i s t a n c e t o t r a n s l a ­
t i o n i n t h e p l a n e of t h e s l a b , u n s u p p o r t e d a long t h e o t h e r two 
edges and s u b j e c t e d t o u n i a x i a l b e n d i n g , t h e s o l u t i o n from o r t h o ­
t r o p i c p l a t e t h e o r y i n d i c a t e s a p r i n c i p a l c u r v a t u r e p a r a l l e l t o 
t h e s u p p o r t e d e d g e s ; i f t h e s l a b i s composed of o r t h o t r o p i c a l l y 
r e i n f o r c e d c o n c r e t e w i t h t h e r e i n f o r c i n g s t e e l n o t p e r p e n d i c u l a r 
t o t h e s u p p o r t e d e d g e s , a c o n d i t i o n of p r i n c i p a l c u r v a t u r e 
p a r a l l e l t o t h e s u p p o r t e d edges l e a d s t o a v i o l a t i o n of t h e c o n ­
d i t i o n s of e q u i l i b r i u m ( s e e C h a p t e r IV) 
(2) f o r t h e above men t ioned o r t h o t r o p i c a l l y r e i n f o r c e d c o n c r e t e s l a b , 
t h e p o s t u l a t i o n of a un i fo rm s h e a r i n g s t r a i n p a r a l l e l t o t h e s u p ­
p o r t e d edges w i l l p e r m i t t h e c o n d i t i o n s of e q u i l i b r i u m t o be s a t i s ­
f i e d w h i l e m a i n t a i n i n g a c o n d i t i o n of p r i n c i p a l c u r v a t u r e p a r a l l e l 
t o t h e s u p p o r t e d edges ( s e e C h a p t e r IV) 
(3) u s i n g t h e new c r i t e r i o n p r o p o s e d i n C h a p t e r V, one i s a b l e t o 
p r e d i c t , for t h e above ment ioned o r t h o t r o p i c a l l y r e i n f o r c e d s l a b 
i n which t w i s t i n g i s p r e v e n t e d , an u l t i m a t e moment c a p a c i t y lower 
t h a n t h e p r e d i c t e d u l t i m a t e moment c a p a c i t y of t h i s same s l a b i f 
t w i s t i n g were n o t p r e v e n t e d - a f a c t o b s e r v e d when compar ing t h e 
r e s u l t s of t e s t s r e p o r t e d by Lenschow and Sozen w i t h t h o s e r e p o r t e d 
by Lenke i ( s e e C h a p t e r V I ) . 
Recommendat ions 
S i n c e t h e amount of e x p e r i m e n t a l d a t a p r e s e n t e d i n s u p p o r t of t h e 
new c r i t e r i o n i s r e l a t i v e l y sma l l and s i n c e t h e r e a r e two e x c e p t i o n s 
i n t h i s d a t a , more t e s t s on o r t h o t r o p i c a l l y r e i n f o r c e d c o n c r e t e s l a b s 
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a r e needed t o e s t a b l i s h t h e v i a b i l i t y of t h e new c r i t e r i o n . I n 
d e s i g n i n g t h e t e s t s e t - u p , p a r t i c u l a r a t t e n t i o n shou ld be g i v e n t o 
t h e s u p p o r t c o n d i t i o n s . 
Much e x p e r i m e n t a l d a t a on beams s u b j e c t e d t o combined b e n d i n g 
and s h e a r i s a v a i l a b l e in t h e l i t e r a t u r e ; c o n s e q u e n t l y , t h e a p p l i c a ­
t i o n of t h e new c r i t e r i o n t o t h e s e t e s t s and a compar i son of t h e 
r e s u l t s i s a n o t h e r way of measu r ing i t s v i a b i l i t y . A s i m i l a r s t a t e ­
ment , w i t h l e s s e x p e r i m e n t a l d a t a a v a i l a b l e , can be made a b o u t beams 
i n p u r e t o r s i o n . 
O t h e r r a m i f i c a t i o n s of t h e new c r i t e r i o n could be e x p l o r e d ; u n t i l 
i t s v a l i d i t y i s more f i r m l y e s t a b l i s h e d , however , such e x p l o r a t i o n 




DETERMINING THE PROPERTIES OF AN 
ELASTIC-PLASTIC MODEL FOR CONCRETE 
F i g u r e 14 shows t h e s t r a i n d i ag ram a t u l t i m a t e moment, a r i g i d -
p l a s t i c s t r e s s d i ag ram and an e l a s t i c - p l a s t i c s t r e s s d i a g r a m on t h e 
c o n c r e t e p o r t i o n of a u n i t w i d t h c r o s s - s e c t i o n of s l a b which i s s u b ­
j e c t e d t o a p r i n c i p a l moment. The symbols shown i n t h i s f i g u r e a r e 
d e f i n e d a s f o l l o w s : 
f = u n i a x i a l c o m p r e s s i v e s t r e n g t h of a 6" x l 2 " c y l i n d e r 
k^ = an e m p i r i c a l l y d e t e r m i n e d c o n s t a n t t h a t r e l a t e s t h e 
d e p t h of t h e r i g i d - p l a s t i c s t r e s s d i ag ram t o t h e 
d i s t a n c e from t h e n e u t r a l a x i s t o t h e p o i n t of u l t i ­
mate c o m p r e s s i v e s t r a i n 
c = d i s t a n c e from t h e n e u t r a l a x i s t o t h e p o i n t of u l t i m a t e 
c o m p r e s s i v e s t r a i n 
e = u l t i m a t e c o m p r e s s i v e s t r a i n 
z - d i s t a n c e from n e u t r a l a x i s t o c o m p r e s s i v e y i e l d 
p s t r a i n i n t h e e l a s t i c - p l a s t i c model 
e p c ~ c o m P r e s s i v e y i e l d s t r a i n 
3 p C = c o m p r e s s i v e p l a s t i c s t r e s s 
^ r p = r e s u i t a n t c o m p r e s s i v e f o r c e of r i g i d - p l a s t i c model 
C = r e s u l t a n t c o m p r e s s i v e f o r c e of e l a s t i c - p l a s t i c mode l . 
S i n c e t h e c r o s s - s e c t i o n i s of u n i t w i d t h , t h e r e s u l t a n t f o r c e s a r e 
g i v e n by t h e a r e a s of t h e r e s p e c t i v e s t r e s s d i a g r a m s , hence 
uc 
r p 
= 0 . 8 5 f c k 1 c (57) 
C 
ep 
= 6 (c - z / 2 ) . pc p ' 
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The moments of t h e s e r e s u l t a n t f o r c e s a b o u t t h e n e u t r a l a x i s a r e 
g i v e n by 
M = 0 . 8 5 f' k T c 2 ( l - k,/2) (58) r p c I 1 
M * d ( c 2 / 2 - z 2 / 6 ) . ep p c N ' p ' ' 
I f t h e s e two models a r e t o g i v e t h e same u l t i m a t e moment, t h e n b o t h 
t h e i r moments and t h e i r r e s u l t a n t f o r c e s must be e q u a l ; t h e r e f o r e 
0 . 8 5 f' k , c = d (c - z / 2 ) (59) c 1 pc p pc p ' 
pc 0 . 8 5 f' k , c
2 ( l - k , / 2 ) = d ( c 2 / 2 - z 2 / 6 ) c 1 V ' pc ' p ' 
Now, by s i m i l a r t r i a n g l e s from t h e s t r a i n d i a g r a m 
z = (e Ve ) c ( 60 ) p p c ' u c ' ' 
and s u b s t i t u t i o n i n t o e q u a t i o n s (59) g i v e s 
0 . 8 5 f ' k . c = cs ( l - e / 2 e ) c ( 6 1 ) c 1 pc pc ' u c ' 
0 . 8 5 f ^ k / d - = V c 2 ( 2 - £ p c / 6 £ u c ) 
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wh ich , a f t e r d i v i d i n g t h e f i r s t e q u a t i o n by c and t h e second by c , 
r e d u c e s t o 
0 . 8 5 fI k , = d ( 1 - e /2e ) (62) c 1 pc pc 7 uc 
0 . 6 5 f' k . ( 1 - k , / 2 ) = d (7; - e 2 / 6 e 2 ) . c 1 1 ' pc 2 pc ' u c ' 
A c c e p t i n g t h e e x p r e s s i o n s 
/C 
= 0 . 8 5 fo r f < 4 k s i , c - (63) 
k = 0 . 8 5 - 0 . 0 5 ( f ' - 4 ) 
J- c 
for f > 4 k s i . c — 
e = 0 . 0 0 3 
u 
from ACI S t a n d a r d 3 1 8 - 6 3 of t h e American C o n c r e t e I n s t i t u t e a s v a l i d , 
v a l u e s of d and e can be d e t e r m i n e d from e q u a t i o n s ( 6 2 ) and ( 6 3 ) p c p c 
fo r any known v a l u e of c y l i n d e r s t r e n g t h ; t h e n t h e modulus of e l a s t i c i t y 
can be d e t e r m i n e d from 
I t shou ld be n o t e d t h a t t h i s i s o n l y one of s e v e r a l r a t i o n a l 
ways t o a r r i v e a t v a l u e s of d , e and E f o r t h e e l a s t i c - p l a s t i c 1 pc pc c r 
model . For t h e p u r p o s e s of t h i s t h e s i s , t h e e l a s t i c - p l a s t i c form of 
t h e s t r e s s - s t r a i n c u r v e and c o r r e s p o n d e n c e w i t h t h e r i g i d - p l a s t i c 
model a t u l t i m a t e moment was of more i m p o r t a n c e t h a n t h e p a r t i c u l a r 
v a l u e s of d , e and E . For o t h e r p u r p o s e s , t h e way i n which t h e s e 
p c P ^ 
v a l u e s a r e d e t e r m i n e d could be s i g n i f i c a n t , e . g . i f one wished t o 
e s t a b l i s h v a l u e s of c o n c r e t e t e n s i l e s t r e n g t h by a p p l y i n g t h e new c r i ­
t e r i o n t o L e n k e i ' s t e s t s o r o t h e r s i m i l a r t e s t s . 
E = 
c 
( 6 4 ) 
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APPENDIX B 
APPLICATIONS OF THE NEW YIELD CRITERION 
TO LENKEI'S TEST SET-UP 
A summary of t h e b a s i c e q u a t i o n s i n v o l v e d i s p r e s e n t e d t o f a c i l i ­
t a t e f o l l o w i n g t h e i r c o n v e r s i o n i n t o t h e s e t of e q u i v a l e n t e q u a t i o n s 
used i n each p a r t i c u l a r a p p l i c a t i o n . The b a s i c e q u a t i o n s a r e a r r a n g e d 
i n g r o u p s so t h a t t h e s o u r c e of each g roup can be i d e n t i f i e d . As a 
f u r t h e r a i d , each e q u a t i o n i s i d e n t i f i e d by a s p e c i a l code r a t h e r t h a n 
s imply by a number. T h i s code h a s t h e form 
(X.Y.Z) 
where X i s e i t h e r a Roman numeral o r a l e t t e r of t h e a l p h a b e t and Y 
and Z a r e numbers . The Roman numeral i n d i c a t e s t h a t t h e e q u a t i o n i s 
one of t h e b a s i c s e t and i d e n t i f i e s t h e g r o u p t o which i t b e l o n g s ; t h e 
l e t t e r of t h e a l p h a b e t i n d i c a t e s t h a t t h e e q u a t i o n a r i s e s from a p a r ­
t i c u l a r a p p l i c a t i o n and i d e n t i f i e s t h e a p p l i c a t i o n . The number Y i n d i -
t h 
c a t e s t h a t t h e e q u a t i o n i s t h e Y one i n t h e s e t , and t h e number Z 
i n d i c a t e s t h a t t h i s i s t h e Z t h mod i f i ed form of t h i s e q u a t i o n i n t h e 
p r e s e n t a t i o n . 
For t h e meaning of a p a r t i c u l a r symbol i n any of t h e b a s i c e q u a ­
t i o n s , r e f e r t o t h e N o m e n c l a t u r e ; and fo r a p l a n of t h e s l a b showing 
t h e c o o r d i n a t e d i r e c t i o n s , see F i g u r e 6 . 
The b a s i c e q u a t i o n s a r e 
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Group I 
Group I I 
Group I I I 
Group IV 
6 =0 fo r e > e . o r e < - e ( 1 . 1 . 0 ) c c t c c uc 
d = E e fo r -e < E < r ( 1 . 2 . 0 ) c c c pc - c - t c 
d = -d fo r -e < e < - E ( 1 . 3 . 0 ) c pc uc — c — pc 
6=6 f o r e > e ( I I . 1 . 0 ) s p s s - p s 
6 = E e for -£ < e < e ( I I . 2 . 0 ) 
s s s p s - s — p s 
6 = -6 for e < -e ( I I . 3 . 0 ) s p s s - p s 
e 
nn 
S t t 
( 3 2 w / 6 n 2 ) z = p z ( I I I . 1 . 0 ) 
( a V a t 2 ) z = ( in .2 .0) 
Y n t = 2 ( 9 2 w / a n 8 t ) z + k n t = pz + Y 0 ( I I I . 3 . 0 ) 
e = e - ve ( l V . 1 . 0 ) 
nn nn t t 
e + + = e , + - ve ( I V . 2 . 0 ) t t t t nn 
e l l = e l l " V £ 2 2 ( I V . 3 . 0 ) 






Group V I I I 
e l l + e 2 2 = e n n + ett ( V-1 < 0 ) 
e l l e 2 2 " e n n e t t - ( Y n t / 2 ) 2 ( V ' 2 - 0 ) 
nt = 0 f o r ell > £tc o r e 2 2 < ûc ( V I ' 1- 0 ) 
nt • (Ec V 3 ^ 1 + V) f o r "Epc ^ e 2 2 a n d Ell ̂ Etc (VI-2-°> 
x.. . » T f o r -e < e < -e and e . . < e , ( V I . 3 . 0 ) n t p uc - 22 - pc 11 - t c 
°nn " 0 f o r e U > « t c o r e 2 2 < - e ^ ( V I I . 1 . 0 ) 
"nn = Vnn f o r "Epc ± e 2 2 a n d ell ^ etc ( V I I . 2 . 0 ) 
dnn = a p f o r "euc < =22 * -£Pc a n d ell<etc ( V I I . 3 . 0 ) 
Group IX 
o 
e cos a - Y . s i n a cos a ( V I I I . 1 . 0 ) x nn n t ' 
Q 
£ = e s i n a + Y . s i n a cos a ( V I I I . 2 . 0 ) y nn n t ' 
f v * d f o r e > e ( I X . 1 . 0 ) x px x — px ' 
f - E e f o r - e < e < e ( I X . 2 . 0 ) x s y px — x — px * ' 





f = n f o r E > E ( X . l . 0 ) 
y py y - py 
f = E E f o r -e < e < e ( X . 2 . 0 ) 
y s y py - y - py 
£ = -6 fo r e < -e ( X . 3 . 0 ) 
y py y - py 
F n = (Ay/Sy) f s i n 2 a + ( A x / S x ) f x c o s 2 a ( X I . 1 . 0 ) 
F t = ( ( A y / S y ) f - ( A x / S x ) f x ) s i n a cos a (XI . 2 . 0 ) 
, 0 
F = - 6 dz ( X I I . 1 . 0 ) n J nn 
- c 
t = - j \ dz (xn.2.0) 
"nn = J ° " n n z d z + F n ( d ' C ) ( X I I - 3 - ° > - c 
f 0 
M n t = J T n t Z d z + F t ^ d " C ^ ( X I I . 4 . 0 ) 
- c 
Group X I I I 
e = 0 ( X I I I . 1 . 0 ) 
Groups I and I I a r e t h e i d e a l i z e d s t r e s s - s t r a i n r e l a t i o n s h i p s 
for c o n c r e t e and s t e e l r e s p e c t i v e l y . They a r e a p p r o x i m a t i o n s t o d a t a 
o b t a i n e d i n u n i a x i a l l o a d t e s t s . 
Group I I I i s t h e mod i f i ed form of K i r c h o f f s a s s u m p t i o n s a l o n g 
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w i t h a change i n symbols t o f a c i l i t a t e w r i t i n g them. The r a t i o n a l e 
b e h i n d t h e m o d i f i c a t i o n i s p r e s e n t e d i n C h a p t e r IV. 
Group IV comes from t h e g e n e r a l i z e d H o o k e ' s law e x p r e s s e d i n an 
n - t c o o r d i n a t e sys tem and i n a p r i n c i p a l s t r a i n c o o r d i n a t e s y s t e m . 
Group V i s t h e s t r a i n i n v a r i a n t s when t r a n s f o r m i n g from t h e n - t c o o r d i ­
n a t e sys tem t o t h e p r i n c i p a l s t r a i n c o o r d i n a t e s y s t e m . These e q u a t i o n s 
a r e found i n C h a p t e r V i n t h e s e c t i o n C o n s t i t u t i v e E q u a t i o n s f o r t h e 
C o n c r e t e . 
Groups VI and VII a r e t h e c o n s t i t u t i v e e q u a t i o n s f o r t h e c o n c r e t e 
a p p l i e d t o a c r o s s - s e c t i o n w i t h an e x t e r i o r normal i n t h e n - d i r e c t i o n . 
Note t h a t t h e p a r t i c u l a r e q u a t i o n t o be used i s d e t e r m i n e d by t h e s t r a i n 
c o n d i t i o n s on t h e p r i n c i p a l a x e s . 
Group V I I I i s t h e r e l a t i o n s h i p be tween t h e s t r a i n s i n an n - t c o o r ­
d i n a t e sys tem and t h e u n i a x i a l s t r a i n i n a r e i n f o r c i n g b a r e x p r e s s e d 
fo r b a r s p a r a l l e l t o an x -y c o o r d i n a t e sys tem a t some a n g l e a t o t h e 
n - t c o o r d i n a t e s y s t e m . These e q u a t i o n s a r e found i n C h a p t e r V i n t h e 
s e c t i o n B e h a v i o r of R e i n f o r c i n g B a r s i n a C r a c k - L i n e . 
Groups IX and X a r e t h e c o n s t i t u t i v e e q u a t i o n s fo r t h e s t e e l 
a p p l i e d t o c r o s s - s e c t i o n s w i t h e x t e r i o r n o r m a l s i n t h e x and y - d i r e c -
t i o n s r e s p e c t i v e l y . 
Group XI g i v e s e x p r e s s i o n s f o r t h e n - d i r e c t i o n and t - d i r e c t i o n 
b a r - f o r c e components p e r u n i t w i d t h of c r o s s - s e c t i o n h a v i n g an e x t e r i o r 
normal i n t h e n - d i r e c t i o n . They a r e o b t a i n e d from t h e r e s u l t a n t f o r c e s 
i n t h e r e i n f o r c i n g b a r s a s p r e s e n t e d i n C h a p t e r I I when d e r i v i n g 
J o h a n s e n ' s y i e l d c r i t e r i o n . 
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Group XII i s t h e e q u i l i b r i u m e q u a t i o n s e x p r e s s e d a t any p o i n t 
( n , t ) fo r a u n i t w i d t h of c r o s s - s e c t i o n h a v i n g an e x t e r i o r normal i n 
t h e n - d i r e c t i o n . 
Group X I I I i s an e q u i v a l e n t e x p r e s s i o n of t h e c o n d i t i o n 
2 2 
9 w / g t = 0 which i s a c o n d i t i o n p r e s e n t i n L e n k e i ' s t e s t s e t - u p . 
C o n v e r s i o n of B a s i c E q u a t i o n s i n t o E q u i v a l e n t Forms 
The o r i g i n a l form of a s e t of e q u a t i o n s i s n o t a lways t h e b e s t 
form for a p p l i c a t i o n i n a p a r t i c u l a r c a s e , hence t h e b a s i c e q u a t i o n s 
a r e r e d u c e d , t h r o u g h e l i m i n a t i o n of n o n - p e r t i n e n t v a r i a b l e s by s u b s t i ­
t u t i o n , t o a s m a l l e r s e t deemed s u i t a b l e fo r t h e p a r t i c u l a r a p p l i c a t i o n s 
b e i n g c o n s i d e r e d . The sequence of s u b s t i t u t i o n s r e q u i r e d t o g e t each 
e q u a t i o n i n t h e r e d u c e d s e t f o l l o w s . 
R e p l a c e e q u a t i o n ( I V . 1 . 0 ) w i t h t h e e q u i v a l e n t e q u a t i o n ( I V . 1 . 1 ) 
o b t a i n e d by s u b s t i t u t i n g e q u a t i o n ( X I I I . 1 . 0 ) i n t o e q u a t i o n ( I V . 2 . 0 ) t o 
g e t 
e t t * V E n n ( l V ' 2 a > 
and t h e n s u b s t i t u t i n g e q u a t i o n ( I V . 2 . 1 ) i n t o e q u a t i o n ( I V . 1 . 0 ) t o g e t 
e = (1 - v 2 ) e . ( I V . 1 . 1 ) n ' nn ' 
R e p l a c e e q u a t i o n ( V . 2 . 0 ) w i t h e q u i v a l e n t e q u a t i o n ( V . 2 . 4 ) o r 
( V . 2 . 5 ) . To o b t a i n t h e e q u i v a l e n t e q u a t i o n s , s u b s t i t u t e e q u a t i o n s 
( I V . 3 . 0 ) , ( I V . 4 . 0 ) and ( X I I I . 1 . 0 ) i n t o e q u a t i o n s ( V . 1 . 0 ) and ( V . 2 . 0 ) 
t o g e t 
Ti 
e n = (1 - v ) ( e n + e 2 2 ) ( V . l . l ) 
^ n t = 4 ( £ 1 1 - V e 2 2 ^ e 2 2 - V e n } • ( V ' 2 - 1 } 
Then s u b s t i t u t e e q u a t i o n ( I V . 1 . 1 ) i n t o e q u a t i o n ( V . l . l ) which g i v e s 
+ V ) £ n n " e l l + E 2 2 < V a - 2 > 
and e q u a t i o n ( V . 1 . 2 ) i n t o e q u a t i o n ( V . 2 . 1 ) t o g e t e i t h e r 
Y , = 4 ( 1 + v ) 2 ( e . . - ve ) ( « . . - e ) ( V . 2 . 2 ) n t 11 nn 11 n n ' ' 
r . - 4 ( 1 + v ) 2 ( s 0 0 - e ) ( e _ 0 - V£ ) ( V . 2 . 3 ) n t ' 2 2 nn 22 n n ' 
Now s u b s t i t u t e e q u a t i o n ( I V . 1 . 1 ) i n t o e q u a t i o n ( i l l . 1 . 0 ) and 
r e a r r a n g e , a l o n g w i t h a symbol c h a n g e , t o g i v e 
e n n = " v 2 ) ) z = ? z ( I I I . 1 . 1 ) 
t h e n s u b s t i t u t e e q u a t i o n s ( i l l . 1 . 1 ) and ( i l l . 3 . 0 ) i n t o e q u a t i o n s 
( V . 2 . 2 ) and ( V . 2 . 3 ) which g i v e s t h e d e s i r e d e q u a t i o n s 
p 2 z 2 + 2pYQ z + Y 2 = ( V . 2 . 4 ) 
4 ( 1 + v ) 2 ( e ^ - (1 + v ) £ n ( p z + v ( c p z ) 2 ) 
P 2 z 2 + 2pY z + Y 2 « ( V . 2 . 5 ) 
o 0 
4 ( 1 + v ) 2 ( e 2 2 - ( 1 + v ) e 2 2 q > z + v(<pz) 2 ) . 
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Now r e p l a c e t h e p e r t i n e n t e q u i l i b r i u m e q u a t i o n s w i t h e q u i v a l e n t 
o n e s . S u b s t i t u t i n g e q u a t i o n s ( i l l . 1 , 1 ) and ( i l l . 3 . 0 ) i n t o e q u a t i o n s 
( V I . 2 . 0 ) and ( V I I . 2 . 0 ) g i v e s 
T n t = E c ( p z + Y 0 ) / ( 2 ( l + V ) ) ( V I . 2 . 1 ) 
f o r " e p c ^ e 2 2 a n d e l l l € t c 
d * E © z nn c Y 
f o r "V ^ £ 2 2 a n d «11 * 6tc ( V U . 2 . 1 ) 
L e t t i n g z ^ c be t h e m a g n i t u d e of z a t which t h e minor p r i n c i p a l s t r a i n 
h a s a m a g n i t u d e of e » e q u a t i o n s ( V I . 3 . 0 ) and ( V I I , 3 . 0 ) can be r e w r i t t e n 
pc 
T n t = E c ( " p 2 p + Y 0 ) / ( 2 ( l + v ) ) ( V I . 3 . 1 ) 
f o r " e u c ^ e 2 2 ^ p c a n d e l l ^ e t c 
% = - £ c ^ P ( V I I . 3 . 1 ) 
for -e < £ „ _ < - £ and e . , < e , uc - 22 - pc 11 - t c 
S u b s t i t u t i n g e q u a t i o n s ( V I . 1 . 0 ) , ( V I . 2 . 1 ) , ( V I . 3 . 1 ) , ( V I I . 1 . 0 ) , ( V I I . 2 . 1 ) 
and ( V I I . 3 . 1 ) i n t o e q u a t i o n s ( X I I . 1 . 0 ) , ( X I I . 2 . 0 ) and ( X I I . 3 . 0 ) a l o n g 
w i t h t h e p r o p e r l i m i t s g i v e s 
r ~ 2 P r 0 Fn =J E c c p z p d z
 +J - E c < P z d z ( X I I . 1 . 1 ) - c ' - z 
p 
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- 2 P 
F t « J - E c ( - p z p + Y 0 ) / ( 2 ( l + v ) ) d z + ( X I I . 2 . 1 ) 
o 
- E c ( p z + Y Q ) / ( 2 ( 1 + v ) ) d z 
- z 
P 
" Z P - 0 
M * f -E m z zdz + r E <p z 2 dz + ( X I I . 3 . 1 ) 
nn 
- c ' - z 
P 
F n ( d - c ) 
and p e r f o r m i n g t h e i n t e g r a t i o n o p e r a t i o n g i v e s 
F n = (-E < p / 2 ) ( z 2 - 2 z n c) ( X I I . 1 . 2 ) n L p p 
F t = ( - E c / ( 4 { 1 + V ) ) ( p z p " 2 p Z p C + 2 r o c ) ( X I I . 2 . 2 ) 
M = (E <p/6)(3 z c 2 - z 3 ) + F (d - c) . ( X I I . 3 . 2 ) nn c p p n 
F i n a l l y , r e p l a c e e q u a t i o n s ( V I I I . 1 . 0 ) and ( V I I I . 2 . 0 ) w i t h e q u i v a ­
l e n t o n e s . S u b s t i t u t i n g e q u a t i o n s ( i I I . l . O ) and ( i l l . 3 . 0 ) i n t o e q u a ­
t i o n ( V I I I . 1 . 0 ) and i n t o e q u a t i o n ( V I I I . 2 . 0 ) g i v e s 
* cpz cos a - (pz + Y Q ) s i n a c o s a ( V I I I . l . l ) 
2 
e y = cpz s i n a + (pz + Y Q ) s i n a cos a ( V I I I . 2 . 1 ) 
and s i n c e t h e s t e e l i s l o c a t e d a t 
z = d - c 
t h e s e e q u a t i o n s become 
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e x * <p(d - c) cos a - ( p ( d - c ) + T Q ) s i n a c o s a ( V I I I . 1 . 2 ) 
e
y
 5 1 9 ( d - c ) s i n 2 a + (p (d - c) + YQ) s i n a cos a ( V I I I . 2 . 2 ) 
A p p l i c a t i o n (A) 
T h i s a p p l i c a t i o n imposes t h e c o n d i t i o n of no t w i s t i n g s t r a i n 
and r e q u i r e s t h a t t h e c o n c r e t e minor p r i n c i p a l s t r a i n be a t i t s l i m i t ­
i n g v a l u e on t h e c o m p r e s s i v e s u r f a c e of t h e s l a b ( a t z = - c ) , which 
r e s u l t s i n t h e f o l l o w i n g e q u a t i o n s : 
p = 0 ( A . 1 . 0 ) 
( £ 2 2 ) z - c = " e u c ( A ' 2 - ° > 
" E p c = ( £ 2 2 } z = - z " ( A - 3 " 0 ) 
P 
C o n t i n u i n g t h e r e d u c t i o n t o a s m a l l e r s e t , s u b s t i t u t i o n of 
e q u a t i o n ( A . 1 . 0 ) i n t o e q u a t i o n ( V . 2 . 5 ) g i v e s 
Y 2 - 4 ( 1 + v ) 2 ( e 2 2 - (1 + v ) e 2 2 c p z + v(cpz) 2 ) ( V . 2 . 6 ) 
and s u b s t i t u t i o n of e q u a t i o n s ( A . 2 . 0 ) and ( A . 3 . 0 ) i n t o e q u a t i o n ( V . 2 . 6 ) 
g i v e s 
yQ = 4 ( 1 + v r ( « ^ c - (1 + v ) e u c c p c + v ( < p c n ( V . 2 . 7 ) 
and 
Y 2 = 4 ( 1 + v ) 2 ( £ 2 c - (1 + v ) e p c ( p z p + v(q> z p ) 2 ) . ( V . 2 . 8 ) 
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A l s o , s u b s t i t u t i o n of e q u a t i o n ( A . 1 . 0 ) i n t o e q u a t i o n s ( V I I I . 1 . 2 ) and 
( V I I I . 2 . 2 ) g i v e s 
e x • <p(d - c) cos a - Y Q s i n a cos a ( V I I I . 1 . 3 ) 
o 
= <p(d - c ) s i n a + Y Q s i n a cos a ( V I I I . 2 . 3 ) 
and i n t o e q u a t i o n ( X I I . 2 . 2 ) g i v e s 
F t = ( - E c Y 0 c ) / ( 2 ( l + v ) ) . ( X I I . 2 . 3 ) 
A p p l i c a t i o n (A) i s now r e d u c e d t o t h e e q u a t i o n s and v a r i a b l e s 
l i s t e d i n T a b l e 2 . T h i s s e t , c o n s i s t i n g of 11 e q u a t i o n s and 11 unknowns, 
was s o l v e d by i t e r a t i o n t e c h n i q u e s u s i n g an e l e c t r o n i c d i g i t a l computer 
t o o b t a i n t h e v a l u e s of and Y ^ used i n T a b l e 1 . 
nn o 
A p p l i c a t i o n (B) 
T h i s a p p l i c a t i o n imposes t h e c o n d i t i o n of no t w i s t i n g s t r a i n 
and u s e s L e n k e i ' s t e s t v a l u e s f o r t h e y i e l d moments, which r e s u l t s i n 
t h e f o l l o w i n g e q u a t i o n s 
p = 0 ( B . 1 . 0 ) 
= M ( L e n k e i ) ( } 
nn nn ' 
Then, assuming t h a t t h e i d e a l i z e d c o n c r e t e w i l l be i n t h e p l a s t i c 
r e g i o n when t h e y i e l d moment o c c u r s p r o v i d e s t h e f o l l o w i n g e q u a t i o n 
- £ P c = ^ z - . z • ( B ' 3 - 0 ) 
p 
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S i n c e e q u a t i o n s ( B . 1 . 0 ) and ( B . 3 . 0 ) a r e t h e same a s e q u a t i o n s 
( A . 1 . 0 ) and ( A . 3 . 0 ) , a l l of t h e e q u a t i o n s i n a p p l i c a t i o n (A) a r e v a l i d 
f o r a p p l i c a t i o n ( B ) e x c e p t e q u a t i o n ( V . 2 . 7 ) , and i t i s r e p l a c e d by 
e q u a t i o n ( B . 2 . 0 ) . Hence , a p p l i c a t i o n ( B ) i s r e d u c e d t o t h e l i s t of 
e q u a t i o n s and v a r i a b l e s i n T a b l e 3 . T h i s s e t , c o n s i s t i n g of 11 e q u a ­
t i o n s and 11 unknowns was s o l v e d by i t e r a t i o n t e c h n i q u e s u s i n g an 
C B ) 
e l e c t r o n i c d i g i t a l computer t o o b t a i n t h e v a l u e s of Y^ used i n 
T a b l e 1 . 
A p p l i c a t i o n (C) 
T h i s a p p l i c a t i o n p e r m i t s a t w i s t i n g s t r a i n . I t a l s o u s e s t h e 
v a l u e s of Y Q o b t a i n e d i n a p p l i c a t i o n ( B ) a s l i m i t i n g v a l u e s of s h e a r ­
i ng s t r a i n a t t h e t o p of t h e c r a c k ( a t z = 0 ) , which r e s u l t s i n t h e 
f o l l o w i n g e q u a t i o n : 
Again , assuming t h a t t h e i d e a l i z e d c o n c r e t e w i l l be i n t h e p l a s t i c 
r e g i o n when t h e y i e l d moment o c c u r s p r o v i d e s t h e f o l l o w i n g e q u a t i o n : 
- e p c - ( e 2 2 ) z = - z • ( C ' 2 -
P 
C o n t i n u i n g t h e r e d u c t i o n t o a s m a l l e r s e t , s u b s t i t u t i o n of e q u a t i o n 
( C . 2 . 0 ) i n t o e q u a t i o n ( V . 2 . 5 ) g i v e s 
T 0 * To' 
( B ) ( C . 1 . 0 ) 
4 ( l + v ) 2 ( e 2 c - ( l + v ) £ p c * z p + v(q> z p ) 2 ) . 
( V . 2 . 9 ) 
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At t h i s p o i n t a p p l i c a t i o n (C) i s r educed t o t h e e q u a t i o n s and 
unknown v a r i a b l e s l i s t e d i n T a b l e 4 . T h i s s e t of 11 e q u a t i o n s and 12 
unknowns was s o l v e d fo r a maximum v a l u e of M by s e a r c h t e c h n i q u e s 
nn 
(C) 
u s i n g an e l e c t r o n i c d i g i t a l compu te r . These a r e t h e v a l u e s of 
used i n T a b l e 1 . 
Comment 
The t a b l e s l i s t i n g t h e e q u a t i o n s and unknown v a r i a b l e s f o r each 
a p p l i c a t i o n l i s t t h e e q u a t i o n s by code number o r by g roup number . 
For e a s y r e f e r e n c e , Tab le 5 p r o v i d e s a l i s t i n g of t h e e q u a t i o n s them­
s e l v e s . 
T a b l e 1 . Compar isons of Computed and Measured R e s u l t s 
r e s t 0 
a „(j) / Ma) 
nn ' nn 
M ( J ) / M ( A ) 
nn ' nn 
Y ( A ) / y ( B ) 
1 0 ' 0 
M ( J ) / M ( c ) 
nn ' nn 
1 8 6 7 . 5 1 . 1 0 3 1 . 0 0 3 4 , 2 2 7 1 . 0 0 1 0 . 0 5 0 
19 6 7 . 5 1 . 1 6 8 1 . 0 0 5 4 0 . 2 9 2 1 . 0 0 1 0 . 0 0 6 
2C 6 7 . 5 1 . 1 0 0 1 . 0 0 6 2 . 7 9 9 1 . 0 0 2 0 . 0 9 1 
21 6 7 . 5 1 . 0 6 3 1 . 0 0 8 1 . 5 3 8 1 . 0 0 3 0 . 1 8 0 
4 5 . 0 1 . 1 4 8 1 . 0 0 4 2 . 3 2 8 0 . 9 9 9 0 . 1 1 2 
2 3 4 5 . 0 1 . 1 2 6 1 . 0 0 4 2 . 3 6 8 1 . 0 0 0 0 . 1 0 4 
24 4 5 . 0 1 . 1 4 2 1 . 0 0 7 1 . 9 4 6 1 . 0 0 1 0 . 1 3 7 
25 4 5 . 0 1 . 0 5 6 1 . 0 0 7 1 . 5 7 9 1 . 0 0 1 0 . 1 6 4 
2 2 . 5 1 . 1 6 8 1 . 0 0 0 1 . 8 1 6 0 . 9 9 9 0 . 0 6 9 
.:. 2 2 . 5 1 . 0 7 8 1 . 0 0 2 1 . 1 0 8 1 . 0 0 0 0 . 1 3 7 
2 8 2 2 . 5 1 . 1 1 0 1 . 0 3 3 1 . 1 9 3 1 . 0 3 1 0 . 1 3 5 
33 6 7 . 5 0 . 8 8 3 _ _ _ 
34 6 7 . 5 0 . 9 2 0 
• 4 5 . 0 1 . 1 4 6 1 . 0 0 7 2 . 0 4 8 1 . 0 0 0 0 . 1 6 5 
36 4 5 . 0 1 . 1 6 7 1 . 0 1 1 1 . 7 1 7 1 . 0 0 1 0 . 2 0 2 
31 2 2 . 5 1 . 2 0 0 1 . 0 0 3 1 . 8 1 3 1 . 0 0 0 0 . 1 0 3 
38 2 2 . 5 1 . 1 1 1 1 . 0 0 2 1 . 7 6 0 0 . 9 9 9 0 . 1 0 5 
4 1 * 6 7 . 5 1 . 3 1 3 1 . 0 1 2 5 . 9 2 9 1 . 0 0 0 0 . 0 7 0 
4 2 * 4 5 . 0 1 . 3 7 0 1 . 0 1 2 2 . 5 3 5 1 . 0 0 0 0 . 1 3 1 
4 3 * 4 5 . 0 1 . 2 8 5 1 . 0 1 5 1 . 8 2 4 1 . 0 0 1 0 . 1 9 6 
4 4 * 2 2 . 5 1 . 1 9 4 1 . 0 0 3 1 . 3 7 8 0 . 9 9 9 0 . 1 3 9 
L i g h t w e i g h t a g g r e g a t e c o n c r e t e 
Bb 
T a b l e 2 . A p p l i c a t i o n (A) 
L i s t of E q u a t i o n s * and Unknown V a r i a b l e s 
E q u a t i o n s V a r i a b l e s 
1 . ( V . 2 . 7 ) Y 0 
2 . ( V . 2 . 8 ) 9 
3 . ( V I I I . 1 . 3 ) c 
4 . ( V I I I . 2 . 3 ) z 
P 
x 
5 . Group IX** e 
6 . Group X** Sy 
7 . ( X I . 1 . 0 ) f 
x 
b . ( X I . 2 . 0 ) f 
y 
9 . ( X I I . 1 . 2 ) F n 
10 . ( X I I . 2 . 3 ) F t 
1 1 . ( X I I . 3 . 2 ) M 
nn 
The e q u a t i o n s a r e l i s t e d by code number or by g roup number; 
fo r e a s y r e f e r e n c e , T a b l e 5 p r o v i d e s a l i s t i n g of t h e e q u a t i o n s 
t h e m s e l v e s . 
## 
A l i s t i n g by g roup number i n d i c a t e s t h a t t h e e q u a t i o n may be one 
of s e v e r a l d i f f e r e n t e q u a t i o n s ; t h e p a r t i c u l a r e q u a t i o n used i s d e p e n ­
d e n t upon t h e v a l u e of one of t h e unknown v a r i a b l e s . 
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T a b l e 3 . A p p l i c a t i o n (B) 
L i s t of E q u a t i o n s and Unknown V a r i a b l e s 
E q u a t i o n s V a r i a b l e s 
1 . ( B . 2 . 0 ) y , 
2 . ( V . 2 . 8 ) 
3 . ( V I I I . 1 . 3 ) 
4 . ( V I I I . 2 . 3 ) z 
P 
5 . Group IX** e 
6. Group X** e 
x 
Y 
7. ( X I . 1 . 0 ) f 
x 
8. ( X I . 2 . 0 ) f 
9 . ( X I I . 1 . 2 ) F n 
10. ( X I I . 2 . 3 ) F 
1 1 . ( X I I . 3 . 2 ) M nn 
The e q u a t i o n s a r e l i s t e d by code number o r by g roup number; f o r 
e a s y r e f e r e n c e , T a b l e 5 p r o v i d e s a l i s t i n g of t h e e q u a t i o n s t h e m s e l v e s 
** 
A l i s t i n g by g roup number i n d i c a t e s t h a t t h e e q u a t i o n may be 
one of s e v e r a l d i f f e r e n t e q u a t i o n s ; t h e p a r t i c u l a r e q u a t i o n used i s 
d e p e n d e n t upon t h e v a l u e of one of t h e unknown v a r i a b l e s . 
T a b l e A. A p p l i c a t i o n (C) 
L i s t of E q u a t i o n s * and Unknown V a r i a b l e s 
E q u a t i o n s V a r i a b l 
( C . 1 . 0 ) Y o 
( V . 2 . 9 ) : 
( V I I I . 1 . 2 ) -
4 . ( V I I I . 2 . 2 ) Z 
P Group IX** £ 
X Group X** • 
; 
- ' 
• ( X I . 1 . 0 ) X 
b. ( X I . 2 . 0 ) 
Y 
9 . ( X I I . 1 . 2 ) F 
n 
10 . ( X I I . 2 . 2 ) F t 
1 1 . ( X I I . 3 . 2 ) 
1 2 . 
The e q u a t i o n s a r e l i s t e d by code number o r by g roup number; 
for e a s y r e f e r e n c e , T a b l e 5 p r o v i d e s a l i s t i n g of t h e e q u a t i o n s 
t h e m s e l v e s . 
A l i s t i n g by group number i 
one of s e v e r a l d i f f e r e n t e q u a t i o n s ; 
d e p e n d e n t upon t h e v a l u e of one of 
n d i c a t e s t h a t t h e e q u a t i o n may be 
t h e p a r t i c u l a r e q u a t i o n used i s 
t h e unknown v a r i a b l e s . 
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T a b l e 5 . L i s t of E q u a t i o n s Used i n 
A p p l i c a t i o n s (A) , ( B ) , and (C) 
Y 2 = 4 ( 1 + v ) 2 ( e 2 - (1 + v ) e u < p c + v(<pc) 2 ) ( V . 2 . 7 ) 
y 2 = 4 ( ! + v ) 2 (e^-d+vJep^Zp^vt^Zp)2) ( V . 2 . 8 ) 
( p z p ) 2 * 2 ^ o + r o = ( V * 2 - 9 ) 
4 ( 1 + v ) 2 ( e 2 - (1 + v ) e <p z n + v(<p z n ) 2 ) 
e x = qp(d - c) c o s 2 a - (p (d - c) + Y Q ) s i n a cos a (VI I I . 1 .2 ) 
Ey = <p(d - c) s i n a + (p (d - c) + Y Q ) s i n a c o s a 
e = m(d - c) cos a - Y s i n a cos a ( V I I I . 1 . 3 ) 
x r o 
Q 
Ey = cp(d - c) s i n a + Y Q s i n a cos a ( V I I I . 2 . 3 ) 
( I X . 1 . 0 ) 
( I X . 2 . 0 ) 
( I X . 3 . 0 ) 
( X . l . O ) 
( X . 2 . 0 ) 
( X . 3 . 0 ) 
( X I . 1 . 0 ) 
F t = ( ( A ^ S )f - ( V S x ) f x } s i n a C 0 S a ( X I . 2 . 0 ) 
f = rt x px for E > £ 
x - px Group IX f = E E X S X fo r -E < E < 
px - x -
£ 
px 
f = -d 
x px 
for e < -£ x - px 
f = d 
y py 
for £ > E y - py 
Grouj X f = E e 
y 5 y 
fo r -e < e < py - y - E 
py f = -rt 
y py 
for £ < -£ y - py 
F = (A / S ) f n y y y . 2 s i n a + <VSx>fx „ 2 COS ( 
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T a b l e 5 . ( C o n t i n u e d ) 
F n =
 (-EcV2> ( zp " 2 z p c ) ( X I I . 1 . 2 ) 
F . = (-E / ( 4 ( 1 + v ) ) ( p z 2 - 2 p z c + 2Y c) ( X I I . 2 . 2 ) 
x, u p p O 
M n n = tecV/MZtp*2 '
 zp + F n ( d " c ) ( X I I . 3 . 2 ) 
F t = ( - E c Y 0 c ) / ( 2 ( l + v ) ) ( X I I . 2 . 3 ) 
M = M ( L e n k e i ) ( B . 2 . 0 ) nn nn v ^ 
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